
 

ole.rummel@bankofengland.co.uk 1 ©Bank of England 

 

The Bank of England does not accept any liability for misleading or  

inaccurate information or omissions in the information provided. 

 

 

 
 

 

 

 

 

CENTRE FOR CENTRAL BANKING STUDIES 

 
 
 

 

ECONOMIC MODELLING AND FORECASTING 

 

 
 

 

 

Estimating a long-run money demand equation for the United States:  

an exercise involving unit roots and cointegration 

 

 
 

 

by 

 

 

 

Ole Rummel 

Centre for Central Banking Studies 

Bank of England 

 

 

2 February 2015 
 



 

ole.rummel@bankofengland.co.uk 2 ©Bank of England 

 

The Bank of England does not accept any liability for misleading or  

inaccurate information or omissions in the information provided. 

Contents
1
 

 

 

1 Introduction 3 

 

2 Preliminary analysis 5 

 

3 Testing for the order of integration: unit-root tests 6 

 3.1 Testing the null hypothesis of non-stationarity: (augmented) Dickey-Fuller tests 6 

 3.2 Testing the null hypothesis of stationarity: the KPSS test 13 

 3.3 Unit-root confidence intervals* 15 

 3.4 Unit-root tests with a structural break* 17 

 3.5 Efficient unit-root tests* 19 

 

4 Testing for cointegration 24 

 

5 Univariate tests for cointegration 25 

 5.1 The Engle and Granger (1987) two-step procedure 25 

 5.2 The Engle and Granger (1987) two-step procedure in EViews 7 28 

 5.3 The Kremers et al. (1995) error-correction model* 32 

 5.4 Saikkonen (1991) and Stock and Watson (1993): the dynamic OLS method 34 

 5.5 Phillips and Hansen (1990): the fully-modified OLS method 42 

 5.6 The autoregressive distributed lag approach to cointegration* 43 

 

6 Multivariate tests for cointegration 54 

 6.1 The Johansen (1988, 1991) methodology 54 

 6.2 Setting up and estimating a VAR 55 

 6.3 Setting up the VECM for the Johansen (1988, 1991) methodology 61 

 6.4 Finding the cointegration rank r 64 

 6.5 Testing cointegration restrictions: 71 

 6.5.1 Weak exogeneity 72 

 6.5.2 Testing restrictions on β 74 

 6.5.3 Testing restrictions on α and β 76 

 

7 Assessing instability in the estimated money-demand equation* 80 

 

8 Summary 85 

 

References and further reading 87 

 

                                                 
1
 Sections denoted by an asterisk (*) can be skipped without loss of continuity.  



 

ole.rummel@bankofengland.co.uk 3 ©Bank of England 

 

The Bank of England does not accept any liability for misleading or  

inaccurate information or omissions in the information provided. 

1 Introduction 

 

The literature on the estimation of money demand functions is vast, but the money demand function 

typically estimated in the literature is: 

 

 mt – pt = θ0 + θyyt + θRRt + εt (1) 

 

where mt is the log of one of the money-stock measures in period t, pt is the log of the price level, yt is log 

income, Rt is the nominal interest rate in levels (hence Rt in uppercase letters) and εt is an error term.  In 

equation (1), θy is the income elasticity and θR is the interest rate semi-elasticity of money demand (it is a 

semi-elasticity because the interest rate enters the money demand equation in levels and not in logs).  The 

anticipated signs on the coefficients are θy > 0 (θy = 1 if the quantity theory of money holds) and θR < 0.  

Most empirical analyses of money demand equations that predate the literature on unit roots and 

cointegration suffer from two drawbacks: 

 

 as we will see below, all the variables involved, i.e., mt – pt, yt and Rt, appear to contain a unit 

root (frequently also referred to as a stochastic trend in the literature) – this makes equation 

(1) a prime candidate for a spurious regression and conventional inference under the 

stationarity assumption invalid (unless the variables are cointegrated); and 

 the regressors may be endogenous, such that Rt and yt are correlated with εt – this is likely to 

be a serious problem in the case of money demand, because in virtually all macro models a 

shift in money demand (represented by the error term, εt) affects the nominal interest rate and 

perhaps income as well. 

 

A resolution of both problems is provided by the econometric techniques for estimating 

cointegrating regressions.  If the variables in equation (1) are cointegrated as defined in Engle and 

Granger (1987), the task of describing the long-run relationship in equation (1) reduces to the problem of 

estimating a cointegrating vector.  The log of the real money supply, the log of real income and the 

nominal interest rate appear to be I(1), but the existence of a stable money demand function such as 

equation (1) implies that those variables are cointegrated, with the coefficients in the money demand 

function (θy, θR) forming a cointegrating vector.  We will use both univariate and multivariate methods to 

estimate this cointegrating vector.  

This exercise illustrates different estimation approaches to cointegration analysis, including the 

Johansen (1988, 1991) methodology, and seeks to estimate a stable long-run money demand function for 

the United States over the period from 1900 to 1989.  Such an analysis is interesting for (at least) a couple 

of reasons: 

 

 it allows us to review the concepts of testing for unit roots and cointegration; and 

 the US economy has experienced several changes in its monetary policy regime (with 

potentially time-varying θy and θR across the different regimes).  Finding a stable money-

demand relationship over such a long time period could prove to be particularly difficult.  

 

The consensus view in the literature is that a long-run money demand function such as equation (1) 

is prone to instability.  This is challenged by Lucas (1988), who, using annual US data from 1900, argued 

that the interest semi-elasticity, θR, is stable if the income elasticity, θy, is constrained to be unity.  We 

will examine Lucas’ claim by applying some of the econometric techniques from the presentation.  

We base our analysis on Stock and Watson (1993), who extended Lucas’ (1988) annual US data set 

to the period from 1900 to 1989.  The measures of the money stock, income, prices and the nominal 
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interest rate are the narrow money stock (M1), net national product (NNP), the net national product price 

deflator and the six-month commercial paper rate (in per cent at an annual rate) respectively.  Note that 

we use net national product rather than gross national product.  This follows the tradition, first 

established in Friedman (1959), of using a scale variable (yt) in the money demand equation that is a 

measure of wealth rather than transaction volumes.
2
   

Among other things, this exercise will try and replicate the results for the money demand 

cointegrating vector in the system (m – p, y, R) using the static OLS (SOLS), dynamic OLS (DOLS), 

Phillips and Hansen’s fully-modified OLS (PHFM) and Johansen (JOH(3)) estimators in panel A of Table 

III in Stock and Watson (1993, p. 803), reproduced in Table 1.  

 

Table 1: Money-demand cointegrating vectors: estimates and tests, annual data 
 

 
 

Stock and Watson (1993) conclude that the full-sample estimates over the period 1903 to 1987 

(1904 to 1987 for the multivariate Johansen estimator with three lags, denoted JOH(3)) are similar across 

estimators and that none of the efficient estimators (everything but SOLS, for which no standard errors 

are therefore given) reject the hypothesis that θy = 1 at the 10 per cent level.
3
 

The data in this exercise can be found in the EViews workfile mpyrx.wf1 and run from 1900 to 

1989.  To open the EViews workfile from within EViews, choose File, Open, EViews Workfile…, 

select mpyrx.wf1 from its current location, update the default directory by checking the small box and 

click Open.  Alternatively, you can double-click on the workfile icon outside of EViews, which will open 

EViews automatically.   

The initial dataset contains the variables listed in Table 2.  

                                                 
2
 If you are interested in the construction of the data, Appendix B in Stock and Watson (1993) provides more detail.  Several 

sources were used in the construction of the data.  This is because, for example, official statistics on M1 do not date back as far 

as 1900, so series from multiple sources had to be spliced together.  For the money stock and the interest rate, monthly data 

were averaged to obtain annual observations. 
3
 We will define efficiency below.  
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Table 2: Initial dataset for money-demand cointegration analysis 
 

Variable Description 

m Log of the narrow money stock, M1 
y Log of net national product 
p Log of the net national product price 

deflator 
R Six-month commercial paper rate (in 

per cent at an annual rate) 

 

2 Preliminary analysis 

 

Before we begin, we will need to create a number of additional series, which are real money, rm  

(= m – p), the (real) velocity of money, rv (= y – rm) and the growth rates of rm, y and R, denoted 

by drm, dy and dr respectively.  In EViews, additional series are created either in the command window 

at the top of the EViews screen or using the Genr button in the workfile window.  We need to make sure 

that we create these new variables over the entire sample period (sample @all).  

In the command window, you would type each of the five command lines, followed by Return or 

Enter: 

 
series rm = m – p 

series rv = y - rm 

series drm = rm – rm(-1)  or  series drm = d(rm) 

series dy = y – y(-1)  or  series dy = d(y) 

series dr = r – r(-1)  or  series dr = d(r) 

 

When using the Genr option, you do not need to start with the EViews command series.  Please 

go ahead and create the additional five series using either of the two methods.   

Whenever we begin working with a new data set, it is always a good idea to take some time to 

simply examine the data.  This will help ensure that there were no mistakes in the data itself or in the 

process of reading in the data.  It also provides us with a chance to observe the general (time-series) 

behaviour of the series we will be working with.  Points to look out for include the possible existence of 

time trends or structural breaks in the underlying data.  The first thing one should always do is to plot the 

data to make sure that it looks fine, which is done in Figure 1.
4
 

 

Figure 1: US long-run money-demand dataset 
 

 

                                                 
4
 Note that you will need to adjust the axes to obtain the right-hand-side figure for rv and r.  
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The first figure plots real money, rm, and the log of income, y.  The log of the real money stock 

grew rapidly over the first half of the century, but experienced almost no growth thereafter until 1981.  

The log of income, on the other hand, grew steadily over the entire sample period, except for the major 

interruption in the 1930’s and the mid-1940’s.  As a result, (real) M1 velocity, rv, plotted in the panel on 

the right-hand side, dropped during that period and then grew steadily until 1981.  The interest rate, R, 

quite closely follows the movement in M1 velocity, which could suggest that m – p (= rm), y and R 

might be cointegrated.  In particular, velocity and the interest rate exhibit strikingly similar long-run 

trends, dropping over the 1920’s and the 1930’s, growing from 1950 to 1980 and then declining again 

after 1981.  Amongst other things, it would be nice to establish whether the coefficient corresponding to y 

in the cointegrating vector given by equation (1), the income elasticity or θy, in other words, is equal to 

unity.  

Visual inspection of the three series seems to suggest that the variables m – p, y and R are well 

described as being individually I(1) (depending on the choice of deterministic elements, most notable a 

linear time trend).  In fact, Stock and Watson (1993), based on augmented Dickey-Fuller (ADF) unit-root 

tests, reported that m – p and y were individually I(1) with drift (constant, no trend), while R was I(1) 

with no drift (no constant, no trend).  You will be asked to verify these results in the next section.  Note 

that the empirical finding that the non-negative nominal interest rate, R, is I(1) raises important 

conceptual difficulties (why?).   

 

3 Testing for the order of integration: unit root tests 

 

3.1 Testing the null hypothesis of non-stationarity: (augmented) Dickey-Fuller tests 

 

We now examine the order of integration of the variables.  Normally, unit root tests are performed 

on levels and first differences of variables.  If we cannot reject a unit root in levels but do reject a unit 

root in first differences (meaning that the series in first differences is stationary or I(0)), the variable in 

levels contains a unit root or is integrated of order one (I(1)).  In other words, it needs to be differenced 

once to render it stationary.   

If the null hypothesis of a unit root in first differences is rejected, then it may be necessary to test 

whether the series contains a second unit root, i.e., whether it is I(2), and thus needs differencing twice to 

induce stationarity.  In this case, a different testing approach is called for.  This is because the 

development of unit root tests has been predicated on the assumption that the series under investigation 

contains at most one unit root, i.e., that it is I(1).  Unfortunately, the ‘standard’ procedure of testing 

whether the differenced series contains a unit root after non-rejection of a unit root in levels is not 

justified theoretically, as Dickey-Fuller-type tests are based on the assumption of at most one unit root.  

If the true number of unit roots is greater than one, the empirical size of such tests is greater than the 

nominal size, meaning that the probability of finding any, let alone all, unit roots is reduced.  

Dickey and Pantula (1987) and Pantula (1989) therefore introduced the ‘Pantula principle’, which 

suggests the following sequential strategy for determining the number of unit roots when more than one 

is suspected:  start by applying unit root tests to the series differenced a maximum number of times 

necessary for inducing stationarity.  In other words, if a series, yt, is suspected to be I(d), i.e., to contain d 

unit roots (d > 1), then a unit root is tested for in Δ
d
yt first.  If the unit root is rejected, a unit root test is 

applied to Δ
d-1

yt, and so on.  For example, if yt is suspected to be I(2), then a unit root is tested for in Δ
2
yt 

first: 

 

 


 
p

i

tititt yyy
1

22 )1(   (2) 
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If it is rejected, a unit root test is applied to Δyt.  Note that a linear deterministic trend is usually not 

included in the regression because it is uncommon for economic time series to exhibit trending behaviour 

after differencing. If the unit root cannot be rejected in Δyt, this result confirms that yt is indeed best 

modelled as an I(2) series.  On the other hand, if a unit root is also rejected for Δyt, treating yt as an I(2) 

series is not likely to be a good choice. 

But with the possible exception of certain price and population series, most economic time series 

are generally thought to be at most I(1), so the assumption of a single unit root is a convenient starting 

point for most economic time series.  We will make this assumption for the three series under 

consideration.   

Another issue with unit root tests concerns the choice of lag parameter, p, in the ADF regression 

which needs to be selected prior to applying the test.  If p is too small then the remaining serial correlation 

in the errors will bias the test.  If p is too large then the power of the test will suffer. 

Ng and Perron (1995) suggest the following data-dependent lag-length selection procedure that 

results in a stable size of the test and minimal power loss.  The general procedure is to start with an upper 

lag length, pmax, and then select the actual lag length, p, following a general-to-specific sequential t-rule.  

Under this sequential t-rule, we start with a lag length of pmax.  If the last lag is significant at some pre-

specified significance level (say, 5 per cent), we end the procedure and set the lag length equal to pmax.  

Otherwise, we drop the last lag, re-estimate the autoregression (AR) in the ADF test with one less lag, 

pmax-1, and repeat the same test.  If this process continues until there is only one lag in the AR and if that 

lag is insignificant, we set the lag length to zero (no lags).
5
  

The second rule for selecting the lag length uses information criteria.  This procedure sets the lag 

length to the value of p that minimises the respective information criteria.  Ng and Perron (2001) stress 

that good size and power properties of all unit root tests rely on the proper choice of the lag length p used 

for specifying the ADF test regression.  They argue, however, that traditional model selection criteria 

such as the AIC and BIC are not well suited for determining p with integrated data.  Instead, they suggest 

modified information criteria (MIC).  On the basis of a series of simulation experiments, Ng and Perron 

recommend selecting the lag length p by minimising the modified AIC (MAIC).  

In either case, the upper bound, pmax, has to be set equal to an integer greater than or equal to the 

(unknown) true order of the finite-order autoregressive process.  In other words, it is vital to set pmax high 

enough so that it contains the ‘true’ lag length, p.  Suitable choices for the lag length, pmax, identified in 

the literature include [T
0.25

] (the integer part of T
0.25

) (suggested in Diebold and Nerlove (1990)), 

[4(T/100)
1/4

] for quarterly data and [12(T/100)
1/4

] for monthly data, where T is the number of 

observations.  Simulations run by Schwert (1989) show that in small and moderately large samples (from 

T = 25 to 1,000), including enough lags in the autoregression is important to minimise size distortions.
6
  

The choice of p that was more or less successful in controlling the actual size in Schwert’s study was 

[12(T/100)
1/4

], which is also the default chosen by EViews for all sample frequencies.   

We now examine the order of integration of the variables.  For the real money variable, rm, 

(double)click on the variable and then click on View.  Scroll down the menu and choose Unit Root 

Test….  A new window opens.  We must specify four sets of options to carry out a unit root test.  The 

first three settings (on the left-hand side of the dialog box) determine the basic form of the unit root.  The 

fourth set of options (on the right-hand side of the dialog box) consists of test-specific advanced settings.
7
  

First, you should select the type of unit root test to perform, which in our case is the default option of the 

Augmented Dickey-Fuller test.  Next, specify whether you wish to test for a unit root in the level, first 

                                                 
5
 In this case, we end up with a Dickey-Fuller test rather than an augmented Dickey-Fuller test.  

6
 A size distortion refers to the difference between the actual or exact size of a test (the finite-sample probability of rejecting 

the true null) and the nominal size of the test (the probability of rejecting a true null when the sample size is infinite).  
7
 These only come into play if you wish to customise the calculation of your unit root test.  
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difference or second difference of the series.  Choose the Level option.  Finally, we need to decide on the 

deterministic regressors in the ADF equation.  You can choose to include a constant, a constant and linear 

trend or neither.  For the time being, we choose the Trend and intercept option.  The final choice 

concerns the lag length of the ADF regression.  This is very much a matter of personal preference.  My 

preferred approach (which you are free to disregard) is to employ a general-to-specific testing 

methodology employing t-tests.  Choose the User specified option and select a maximum number of lags.  

I will follow Schwert (1989) and set the maximum number of lags equal to [12(T/100)
1/4

] = 

[12(90/100)
1/4

] = [11.69] = 11.
8
  Click OK.  (Why these options?  The Dickey-Fuller tables are tabulated 

under the assumption that the errors in the Dickey-Fuller regression are white noise.  Thus, we must 

correct the data-generating process for any deviation from this assumption.  To do this, we must check the 

significance of the constant and the trend as well as making sure that there is no autocorrelation.)  Ignore 

the test results in the upper part of the output in Table 3 for the moment.  Scroll down to the intermediate 

augmented Dickey-Fuller test equation to check the significance of the constant, the trend and the 

lagged terms in the regression. 

 

Table 3: Augmented Dickey-Fuller unit root test on the level of the real money variable (rm) 
 

Null Hypothesis: RM has a unit root  

Exogenous: Constant, Linear Trend  

Lag Length: 11 (Fixed)   
     

   t-Statistic   Prob.* 
     

Augmented Dickey-Fuller test statistic -1.564672  0.7980 

Test critical values: 1% level  -4.080021  

 5% level  -3.468459  

 10% level  -3.161067  
     

*MacKinnon (1996) one-sided p-values.  

     

Augmented Dickey-Fuller Test Equation  

Dependent Variable: D(RM)   

Method: Least Squares   

Sample (adjusted): 1912 1989   

Included observations: 78 after adjustments  
     

 Coefficient Std. Error t-Statistic Prob.   
     

RM(-1) -0.049681 0.031752 -1.564672 0.1226 

D(RM(-1)) 0.340213 0.122788 2.770738 0.0073 

D(RM(-2)) -0.179082 0.128473 -1.393928 0.1682 

D(RM(-3)) 0.413871 0.129538 3.194983 0.0022 

D(RM(-4)) -0.022954 0.139416 -0.164647 0.8697 

D(RM(-5)) 0.037081 0.139163 0.266460 0.7907 

D(RM(-6)) -0.004813 0.139170 -0.034581 0.9725 

D(RM(-7)) -0.017634 0.138027 -0.127761 0.8987 

D(RM(-8)) 0.119740 0.137435 0.871246 0.3869 

D(RM(-9)) -0.064138 0.132922 -0.482520 0.6311 

D(RM(-10)) 0.195447 0.129407 1.510327 0.1359 

D(RM(-11)) -0.072901 0.124822 -0.584043 0.5612 

                                                 
8
 You will find that 11 is also the maximum number of lags suggested for the automatic lag length selection by EViews.  In 

fact, EViews chooses a maximum lag of pmax = int(min(T/3,12) × (T/100)
1/4

).   
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C 0.007253 0.022835 0.317640 0.7518 

@TREND(1900) 0.001072 0.000911 1.176716 0.2437 
     

R-squared 0.275407     Mean dependent var 0.022756 

Adjusted R-squared 0.128223     S.D. dependent var 0.055458 

S.E. of regression 0.051781     Akaike info criterion -2.922448 

Sum squared resid 0.171600     Schwarz criterion -2.499449 

Log likelihood 127.9755     Hannan-Quinn criter. -2.753114 

F-statistic 1.871184     Durbin-Watson stat 1.969758 

Prob(F-statistic) 0.050746    

 

Starting from the outside in (general-to-specific), we can see that neither the trend nor the constant 

are significant, and that lag 3 is the first lag that is statistically significant (at the 5 per cent level of 

significance) when we test down.  We may therefore eliminate the regressors associated with lags 11 to 4.  

In theory, eliminating lags is done sequentially rather than in one go (but I will not make you go through 

this – painful – procedure).  Click again on View and choose Unit Root Test….  Retain all but two of the 

previously chosen options.  We change the deterministic terms in the ADF regression from Trend and 

intercept to None and the User specified lag option to 3.  Click OK.  If you do the required steps of 

dropping one lag at a time and carrying out the unit root test, you will find that none of the lags is 

statistically significant and that we cannot reduce the model further. 

Having reduced the model down to no deterministic regressors and 3 lags of the dependent variable 

in levels (an ADF(3) test), we can now examine the unit root test itself.  The first part of the unit root 

output provides information about the form of the test (the type of test (i.e., its null hypothesis), the 

deterministic regressors and the lag length) and contains the unit root test output, associated critical 

values and, in this case, the test’s p-value: 

 

Table 4: Augmented Dickey-Fuller unit root test on the level of the real money variable (rm) 
 

Null Hypothesis: RM has a unit root  

Exogenous: None   

Lag Length: 3 (Fixed)   
     

   t-Statistic   Prob.* 
     

Augmented Dickey-Fuller test statistic  0.723005  0.8693 

Test critical values: 1% level  -2.592129  

 5% level  -1.944619  

 10% level  -1.614288  
     

*MacKinnon (1996) one-sided p-values.  

     

Augmented Dickey-Fuller Test Equation  

Dependent Variable: D(RM)   

Method: Least Squares   

Sample (adjusted): 1904 1989   

Included observations: 86 after adjustments  
     

 Coefficient Std. Error t-Statistic Prob.   
     

RM(-1) 0.003564 0.004929 0.723005 0.4717 

D(RM(-1)) 0.362339 0.103616 3.496941 0.0008 

D(RM(-2)) -0.156851 0.110036 -1.425457 0.1578 

D(RM(-3)) 0.369842 0.100935 3.664172 0.0004 
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R-squared 0.162370     Mean dependent var 0.022689 

Adjusted R-squared 0.131725     S.D. dependent var 0.054053 

S.E. of regression 0.050368     Akaike info criterion -3.093540 

Sum squared resid 0.208026     Schwarz criterion -2.979385 

Log likelihood 137.0222     Hannan-Quinn criter. -3.047598 

Durbin-Watson stat 1.984676    

 

The ADF t-statistic is the t-statistic for testing the hypothesis that the coefficient on rm(-1) is less 

than zero; this is t = 0.723005.  The 5 per cent critical value is -1.944619.  Because the ADF statistic of 

0.723005 is to the right of the critical value of -1.944619, the test does not reject the null hypothesis at the 

5 per cent significance level.  The null hypothesis that rm has a unit root cannot be rejected (the p-value is 

0.869), suggesting that rm is I(1).  Note, incidentally, that the critical values for the ADF test are 

considerably larger (in the sense of more negative) than the one-sided critical values of -1.282 (at the 10 

per cent level), -1.645 (at the 5 per cent level) and -2.326 (at the 1 per cent level) from the standard 

normal distribution.   

Very helpfully, EViews 7 has now automated this general-to-specific testing procedure of selecting 

lag lengths sequentially on the basis of the significance of the t-statistic of the relevant lag.  The new 

option can be found under Lag length, Automatic selection and is called t-statistic.  It will also require 

us to specify the maximum lag length (11) and the significance level of the tests, which EViews refers to 

as p-value, which should be set at 0.05.  These options are shown in the dialog box below.  

 

 
 

Clicking on OK leads to an output similar to the one we have just come across, at least as far as the 

top portion of the output is concerned.  This can be seen from Table 5.  

 

Table 5: Augmented Dickey-Fuller unit root test on the level of the real money variable (rm) 
 

Null Hypothesis: RM has a unit root  

Exogenous: Constant, Linear Trend  

Lag Length: 3 (Automatic - based on t-statistic, lagpval=0.05, maxlag=11) 
     
   t-Statistic   Prob.* 
     

Augmented Dickey-Fuller test statistic -1.493873  0.8243 

Test critical values: 1% level  -4.068290  

 5% level  -3.462912  

 10% level  -3.157836  
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*MacKinnon (1996) one-sided p-values.  

     

Augmented Dickey-Fuller Test Equation  

Dependent Variable: D(RM)   

Method: Least Squares   

Sample (adjusted): 1904 1989   

Included observations: 86 after adjustments  
     

Variable Coefficient Std. Error t-Statistic Prob.   
     

RM(-1) -0.033070 0.022137 -1.493873 0.1391 

D(RM(-1)) 0.331169 0.105164 3.149083 0.0023 

D(RM(-2)) -0.165930 0.109395 -1.516797 0.1333 

D(RM(-3)) 0.341268 0.104564 3.263724 0.0016 

C 0.011689 0.013525 0.864275 0.3900 

@TREND(1900) 0.000691 0.000599 1.154500 0.2517 
     

R-squared 0.213238     Mean dependent var 0.022689 

Adjusted R-squared 0.164066     S.D. dependent var 0.054053 

S.E. of regression 0.049421     Akaike info criterion -3.109680 

Sum squared resid 0.195393     Schwarz criterion -2.938446 

Log likelihood 139.7162     Hannan-Quinn criter. -3.040766 

F-statistic 4.336530     Durbin-Watson stat 1.975549 

Prob(F-statistic) 0.001526    
     

 

What the automatic selection procedure just outlined will not do for you is to consider the 

significance of the deterministic variables in the auxiliary ADF test regression, i.e., the constant and the 

trend.  Looking at the ADF test equation in the bottom part of the above table, we find that both of the 

deterministic regressors are insignificant at conventional significance levels.  As a result, they should be 

removed from the test regression and the unit-root test repeated without them.  

We now test whether the first difference of rm is I(0).  Click on View and select Unit Root Test… 

again.  In the unit root testing window, choose the 1st difference rather than the Level option.  We do 

exactly the same testing procedure as before (starting with 11 lags, a constant and a linear trend (although 

we should not expect either the constant or the trend to be significant – why?)) to obtain as our final 

model an ADF(2) test, with the results shown in Table 6. 

 

Table 6: Augmented Dickey-Fuller unit root test on  

the first difference of the real money variable (rm) 
 

Null Hypothesis: D(RM) has a unit root  

Exogenous: None   

Lag Length: 2 (Fixed)   
     

   t-Statistic   Prob.* 
     

Augmented Dickey-Fuller test statistic -3.104091  0.0023 

Test critical values: 1% level  -2.592129  

 5% level  -1.944619  

 10% level  -1.614288  
     

*MacKinnon (1996) one-sided p-values.  

     

Augmented Dickey-Fuller Test Equation  

Dependent Variable: D(RM,2)   

Method: Least Squares   
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Sample (adjusted): 1904 1989   

Included observations: 86 after adjustments  
     

 Coefficient Std. Error t-Statistic Prob.   
     

D(RM(-1)) -0.384698 0.123932 -3.104091 0.0026 

D(RM(-1),2) -0.238056 0.116726 -2.039437 0.0446 

D(RM(-2),2) -0.383260 0.098928 -3.874138 0.0002 
     

R-squared 0.410079     Mean dependent var -0.000851 

Adjusted R-squared 0.395864     S.D. dependent var 0.064615 

S.E. of regression 0.050223     Akaike info criterion -3.110442 

Sum squared resid 0.209352     Schwarz criterion -3.024825 

Log likelihood 136.7490     Hannan-Quinn criter. -3.075985 

Durbin-Watson stat 1.994634    
     

 

As we can reject the null hypothesis that the first difference of rm contains a unit root (the p-value 

is 0.002), the evidence suggests that rm is I(1).   

Alternatively, we can use information criteria to suggest the optimal lag length of the ADF 

regression.  In the current example, these will generally be a lot smaller than those from the general-to-

specific testing procedure based on (significant) t-statistics.  Simulation studies of the finite-sample 

properties of the Dickey-Fuller and other unit root test statistics, such as Stock (1994) and Haldrup and 

Jansson (2006), suggest that it is better to have too many lags than too few, so if you decide to use 

information criteria, it is recommended to use the (conventional or modified) Akaike information 

criterion (AIC) instead of the Schwarz or Bayesian information criterion (interchangeably called SC, SBC 

or BIC) or the Hannan-Quinn information criterion (HQ) to determine the number of lagged differences 

for the ADF test equation.  

Stock and Watson (1993, Appendix B) provide some information about the exact specification of 

their unit root tests.  As such, they state that univariate Dickey-Fuller τμ (the unit root t-statistic with a 

constant) and ττ (the unit root t-statistic with a constant and trend) statistics, computed with 2 and 4 lags 

on the full data set, fail to reject a single unit root in each of m, p, R, m - p and the logarithm of velocity 

at the 10 per cent level.  Note that their unit root tests always include a constant and therefore do not 

allow for the possibility of no deterministic regressors in the ADF test regression.  As for their results, the 

unit root hypothesis is not rejected for y with 4 lags, but is rejected at the 10 per cent (but not the 5 per 

cent) level with 2 lags.  A unit root in ∆y and ∆R is rejected at the 1 per cent level in both cases, and a 

unit root in ∆m - ∆p is rejected at the 10 per cent level.  Overall, they find that m – p is I(1) with drift 

(constant), R is I(1) with no drift and y is I(1) with drift.  Certainly, looking at the above results of our 

unit-root tests, we concur with Stock and Watson that rm = m – p is I(1), although we find no evidence 

for the inclusion of a drift term in the ADF regression.  

 

Question 1: Perform a unit root test on one of the remaining two variables.  Do you find that y ~ I(1) 

with trend and R ~ I(1) without drift?  Because R is non-negative, should it be I(0) or I(1)?
9
  What would 

that imply for the real interest rate, defined as R - p? 

 

 

                                                 
9
 Stock and Watson (1993, p. 801) make the argument that R exhibits considerable persistence (the AR(1) coefficient in a 

regression equation without an intercept is equal to 0.985), such that it may be a near-unit root process.  Due to the low power 

of unit root tests in these circumstances, the latter is often indistinguishable from a unit root of unity.  Moreover, the I(1) 

specification is consistent with the interest rate specifications in most of the empirical literature. 
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3.2 Testing the null hypothesis of stationarity: the KPSS test 

 

The ADF test takes the presence of a unit root as the null hypothesis and attempts to reject this 

hypothesis.  But it may be quite difficult to reject the null hypothesis of a unit root when ρ is in fact close 

to one (that is, the ADF test may have low power).  We will therefore also illustrate the use of the 

Kwiatkowski et al. (1992) (KPSS) unit root test.  In contrast to the ADF test, which tests for the process 

being non-stationary, the null hypothesis of the KPSS test is that the series under investigation is  

(trend-)stationary.  Just as for the ADF test, the limiting distribution of the KPSS test statistic depends on 

whether the underlying data-generating process includes a trend or not.  The null hypothesis of 

stationarity is rejected in favour of the alternative hypothesis of a unit root for large values of the KPSS 

test statistic.  Critical values for the distribution of the KPSS statistic are calculated by KPSS (1992, 

Table 1, p. 166).   

 

Question 2: Perform the KPSS unit root test on rm.   

 

Answer 2: For real money, rm, (double)click on the variable and click on View.  Scroll down the menu 

and choose Unit Root Test….  A new window opens.  In terms of the options that need to be specified 

for a unit root test, we select: (i) Kwiatkowski-Phillips-Schmidt-Shin as the type of unit root test to 

perform (the options in the left-hand side dialog box should change as a result); (ii) the Level option; and 

(iii) the Trend and intercept option.  My advice to you would be to leave the remaining options of the 

test unchanged, i.e., at the default settings that EViews suggests.  After pressing OK, scroll down to the 

intermediate KPSS test equation to check the significance of the constant and trend in the regression.  

The result for rm in levels with a constant and trend (which are both statistically significant) should be: 

 

Table 7: Kwiatkowski-Phillips-Schmidt-Shin unit root test on  

the level of the real money variable (rm) 
 

Null Hypothesis: RM is stationary  

Exogenous: Constant, Linear Trend  

Bandwidth: 7 (Newey-West using Bartlett kernel) 
     

    LM-Stat. 
     

Kwiatkowski-Phillips-Schmidt-Shin test statistic  0.226080 

Asymptotic critical values*: 1% level   0.216000 

  5% level   0.146000 

  10% level   0.119000 
     

*Kwiatkowski-Phillips-Schmidt-Shin (1992, Table 1)  
     

Residual variance (no correction)  0.060672 

HAC corrected variance (Bartlett kernel)  0.428673 
     

KPSS Test Equation   

Dependent Variable: RM   

Method: Least Squares   

Sample: 1900 1989   

Included observations: 90   
     

 Coefficient Std. Error t-Statistic Prob.   
     

C -0.125841 0.052080 -2.416275 0.0177 
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@TREND(1900) 0.024776 0.001011 24.51383 0.0000 
     

R-squared 0.872265     Mean dependent var 0.976713 

Adjusted R-squared 0.870814     S.D. dependent var 0.693053 

S.E. of regression 0.249101     Akaike info criterion 0.080051 

Sum squared resid 5.460494     Schwarz criterion 0.135602 

Log likelihood -1.602300     Hannan-Quinn criter. 0.102453 

F-statistic 600.9279     Durbin-Watson stat 0.048256 

Prob(F-statistic) 0.000000    

 

Note, incidentally, that: 

 

 the trend is statistically significant, even though there is no evidence of a trend in the ADF 

test; and 

 in the case of the KPSS test, the output only provides the asymptotic critical values tabulated 

by KPSS, and not the associated p-value. 

 

The KPSS test statistic (0.226) is greater than the 1 per cent critical value of 0.216, indicating that 

we can reject the null hypothesis of stationarity at better than the 1 per cent level of significance.  Once 

again, we repeat the KPSS test for the series in first differences (note that we have dropped the trend from 

the equation – why?):  

 

Table 8: Kwiatkowski-Phillips-Schmidt-Shin unit root test on  

the first difference of the real money variable (rm) 
 

Null Hypothesis: D(RM) is stationary  

Exogenous: Constant   

Bandwidth: 5 (Newey-West using Bartlett kernel) 
     

    LM-Stat. 
     

Kwiatkowski-Phillips-Schmidt-Shin test statistic  0.262909 

Asymptotic critical values*: 1% level   0.739000 

  5% level   0.463000 

  10% level   0.347000 
     

*Kwiatkowski-Phillips-Schmidt-Shin (1992, Table 1)  
     

Residual variance (no correction)  0.002961 

HAC corrected variance (Bartlett kernel)  0.005561 
     

KPSS Test Equation   

Dependent Variable: D(RM)   

Method: Least Squares   

Sample (adjusted): 1901 1989   

Included observations: 89 after adjustments  
     

 Coefficient Std. Error t-Statistic Prob.   
     

C 0.024493 0.005800 4.222670 0.0001 
     

R-squared 0.000000     Mean dependent var 0.024493 

Adjusted R-squared 0.000000     S.D. dependent var 0.054720 

S.E. of regression 0.054720     Akaike info criterion -2.962002 
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Sum squared resid 0.263497     Schwarz criterion -2.934040 

Log likelihood 132.8091     Hannan-Quinn criter. -2.950731 

Durbin-Watson stat 1.383213    

 

The KPSS test statistic for the first difference of rm is now below the critical values at conventional 

levels of significance.  We conclude that we cannot reject the null hypothesis of stationarity for the first 

difference of rm.   

Ideally, if the series under investigation appears to be I(1), as in the case of rm, a Dickey-Fuller-

type test should not reject the (non-stationary) null hypothesis for the variable in levels, whereas the 

KPSS test should reject its (stationary) null hypothesis.  

You may be tempted to confirm the conclusions about unit roots by using a test of the null of 

stationarity, such as KPSS, in conjunction with a test with the null hypothesis of non-stationarity, such as 

the ADF test.  Such an approach is known as confirmatory analysis.  But if both tests fail to reject the 

respective null hypothesis or both reject the respective null hypothesis, we do not have confirmation.  

Sadly, the latter is a frequent result in applied work.  Maddala and Kim (1998, pages 126-8) argue that, 

despite this limitation, using both tests together may be better than using either test alone.  They report 

results of several Monte Carlo studies that have, for example, shown that the joint testing approach gives 

the most reliable result when the joint test indicates that the data are stationary or that the data have a unit 

root for small samples and large p (the truncation lag in the ADF regression).  

 

Question 3: Perform a KPSS unit root test on either y or R. 

 

For what it is worth (and for full disclosure), my results for all unit root tests are given in Table 9 

(note that unit root tests with no deterministic regressors are not covered). 

 

Table 9: Results for all ADF and KPSS unit root tests 

on the level and first difference of the money demand variables 
 

 Levels First differences 

Test Constant, trend Constant only Constant, trend Constant only 

  ADF     

  rm -1.493873 [0.824] (3) -1.138965 [0.697] (3) -7.197322 [0.000] (0) -7.126414 [0.000] (0) 

  y -3.429943 [0.054] (6) 0.156824 [0.968] (9) -4.939160 [0.001] (8) -4.965485 [0.000] (8) 

  R -1.756483 [0.717] (2) -1.288943 [0.632] (2) -9.013739 [0.000] (1) -9.002079 [0.000] (1) 

  KPSS     

  rm 0.226080 1.131438 0.078391 0.262909 

  y 0.108184 1.227253 0.028850 0.028472 

  R 0.294736 0.427860 0.085778 0.188731 

Notes:  The ADF tests are of the null hypothesis H0: (ρ – 1) = 0, with probability values in square brackets using MacKinnon’s 

(1996) one-sided p-values.  ADF lags are given in parentheses, selected by a general-to-specific sequential testing approach 

using significant t-statistics.  KPSS test statistics are calculated using the standard default options in EViews for the spectral 

estimation method and the bandwidth.  

 

3.3 Unit root confidence intervals* 

 

I note in passing Stock’s (1991) development of a set of confidence intervals for the largest 

autoregressive (unit) root.  He assumes that the true value of the unit root coefficient, ρ, can be modelled 

as ρ = 1 + c/T, where c is a fixed constant and T is the sample size.  Stock then uses ‘local-to-unity’ 

asymptotic distribution theory to construct asymptotic confidence intervals for ρ based on the computed τμ 

(the unit root t-statistic with a constant) and ττ (the unit root t-statistic with a constant and trend) from the 

ADF tests.  Since the distributions of these statistics are non-normal and the dependence on c is more 
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complex than a simple location shift, such confidence intervals cannot simply be constructed as the unit 

root point estimate plus/minus two standard errors.  As can be seen in Stock (1991, Figures 1 and 2), the 

intervals are highly non-linear, with a sharp ‘kink’ for c just above zero.  In particular, for positive values 

of the test statistics the intervals are tight, while for large negative values they are wide.  

In the paper, Stock provides tables from which confidence intervals for ρ can be calculated given a 

value of τμ or ττ and the sample size T.  Computer code to calculate exact confidence intervals is available 

at http://www.economics.harvard.edu/faculty/stock/files/unitci_update.zip.   

As an illustration of such a calculation, the τμ statistic for the log of real money, rm, is -1.14 (Table 

10). 

 

Table 10: Augmented Dickey-Fuller unit root test on the level of the real money variable (rm) 
 

Null Hypothesis: RM has a unit root  

Exogenous: Constant   

Lag Length: 3 (Fixed)   
     
   t-Statistic   Prob.* 
     

Augmented Dickey-Fuller test statistic -1.138965  0.6971 

Test critical values: 1% level  -3.508326  

 5% level  -2.895512  

 10% level  -2.584952  
     

*MacKinnon (1996) one-sided p-values.  

     

Augmented Dickey-Fuller Test Equation  

Dependent Variable: D(RM)   

Method: Least Squares   

Sample (adjusted): 1904 1989   

Included observations: 86 after adjustments  
     

Variable Coefficient Std. Error t-Statistic Prob.   
     

RM(-1) -0.009312 0.008176 -1.138965 0.2581 

D(RM(-1)) 0.316191 0.104574 3.023596 0.0033 

D(RM(-2)) -0.180657 0.108872 -1.659358 0.1009 

D(RM(-3)) 0.317692 0.102761 3.091563 0.0027 

C 0.021121 0.010801 1.955462 0.0540 
     

R-squared 0.200130     Mean dependent var 0.022689 

Adjusted R-squared 0.160631     S.D. dependent var 0.054053 

S.E. of regression 0.049522     Akaike info criterion -3.116412 

Sum squared resid 0.198648     Schwarz criterion -2.973717 

Log likelihood 139.0057     Hannan-Quinn criter. -3.058984 

F-statistic 5.066624     Durbin-Watson stat 1.960852 

Prob(F-statistic) 0.001075    
     

 

From Part A of Table A.1 in Stock (1991), the closest value to -1.14 in the table is -1.10, which 

would translate into a 95 per cent confidence interval of c of (-6.13, 4.42).  In light of the fact that our 

sample size is T = 86, this corresponds to a rough confidence interval for ρ of (1 – 6.13/86, 1 + 4.42/86), 

i.e., 0.929 ≤ ρ ≤ 1.051.  Since ρ = 1 – 0.009312 = 0.991, this shows clearly the complicated nature of the 

(non-linear) relationship between ρ and the confidence interval calculated by ‘inverting’ the appropriate 

unit root  τ statistic.  Note that it will generally not be the case that the point estimate will lie at the centre 

of this interval, even though it is in this case.  The fact that unity is included in the interval confirms our 

choice of a non-stationary process for the time series rm.  

http://www.economics.harvard.edu/faculty/stock/files/unitci_update.zip
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3.4 Unit-root tests with a structural break* 

 

In terms of the sensitivity of unit-root tests to the assumption of a stable underlying data-generating 

process over the entire sample period, Perron (1989) was the first to analyse the effect of a structural 

break on unit-root tests.  He showed that the power of unit-root tests was dramatically reduced if the level 

or the trend of the series changed exogenously at any time during the sample period.  In other words, 

special care must be taken if structural change is suspected.  In the presence of structural breaks, the 

conventional unit-root tests discussed above are biased toward the non-rejection of a unit root.  The 

presentation illustrated the case of a stationary series experiencing a level shift in the middle of the 

period.  Even though the series was actually stationary in each of the two parts of the sample, it proved to 

be impossible to reject the null hypothesis that it is I(1) over the entire sample using the ADF test.  Perron 

devised unit-root tests applicable in those circumstances and concluded that most time series were trend 

stationary if one allowed for a one-time change in the intercept or in the slope (or both) of the trend 

function.  He also argued that certain ‘big shocks’ did not represent a realisation of the underlying data-

generating process and that the null hypothesis of a unit root should be tested against the trend-

stationarity alternative by allowing, both under the null and the alternative hypotheses, for the presence of 

a one-time break (at a known point in time, such as great crash of 1929 for annual data or the 1973 oil-

price shock for post-war quarterly data) in the intercept or in the slope (or both) of the trend function.   

The drawback of Perron’s (1989) proposed technique was that the break date of the series had to be 

set in advance, i.e., the break date was exogenous.  Later papers have removed this assumption.  Unit-root 

tests due to Zivot and Andrews (1992) and Lumsdaine and Papell (1997), for example, allow for one and 

two endogenously-determined breaks respectively.   

In most empirical applications of the Zivot and Andrews unit-root test, three versions of the test are 

used to investigate the unit-root hypothesis: model A allows for a change in the intercept, model B allows 

for a change in the trend and model C allows for a change in both the intercept and the trend.  The 

functional form of model A is given by: 
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while model B looks as follows: 
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Finally, model C takes the form: 
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where DUt(λ) is an indicator dummy variable for a mean shift occurring at time 1 < TB < T and DTt(λ) is 

the corresponding trend shift variable, also occurring at time 1 < TB < T.  Note how both DUt(λ) and 

DTt(λ) depend on λ, which is the location of the break fraction (or break point) in the sample, λ = TB/T.  

The intercept dummy is defined as DUt(λ) = 1 if t > λT and 0 otherwise.  Similarly, the trend dummy 

DTt(λ) = t – λT if t > λT and 0 otherwise.  A problem arises if the break date, TB, occurs too close to either 

the beginning or the end of the sample, which is why it is customary in such tests to trim the sample 

period by removing a certain fraction of the data at either end.  The trimming region is frequently selected 

as [0.15, 0.85] of the sample and the break point, TB, is chosen by sequentially calculating the ADF test 
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statistic for every possible break date within the trimming region.
10

  The point where the value for TB 

minimises the ADF test statistic is then endogenously chosen as the single break date.  The null 

hypothesis of the Zivot and Andrews unit root test is that the series, yt, is an integrated process without a 

structural break: 

 

 yt = μ + yt-1 + εt (6) 

 

while the alternative hypothesis is that yt is trend stationary with a structural break in the trend function 

occurring at an unknown date.  It is therefore a joint test of a unit root and a structural break.  

The Zivot and Andrews (1992) unit-root test with a single endogenously determined break date is 

now available in EViews.  To use the Zivot and Andrews unit-root test in EViews, use the ZAURoot add-

in for EViews 7.2, which can be downloaded for free from: 

 

http://www.eviews.com/cgi/ai_download.cgi?ID=ZAURoot.aipz 

 

The file should install itself by asking you whether you want to run the installation programme, which 

comes with the add-in.  After installation, a new option (Zivot-Andrews unit root test) will become 

available under Procs/Add-ins. 

A visual inspection of the underlying three series (refer back to the charts on page [5]) may lead us 

to expect to find: 

 

 that y is stationary around a linear trend; 

 that rm has one, maybe two, structural changes in the linear trend function (with the first 

occurring around 1933 and the second around 1945); and   

 that the level and trend behaviour of R is very difficult to categorise a priori 

 

To investigate the stationarity (or otherwise) of a series, rm, say, using the Zivot and Andrews unit-

root test, select the series by double-clicking on its name in the workfile.  The Zivot and Andrews unit-

root test will be available under Proc/Add-ins/Zivot-Andrews unit root test.  This will open a new 

dialog box that allows you to select the specific form of the model, i.e., the type of structural break (either 

a break in the constant/intercept, a break in the trend/growth or a break in both) and the maximum number 

of lags to test for.  
As before, the optimal lag-length can be set by a sequential general-to-specific testing strategy, 

starting with a large number of lags and sequentially eliminating lags that are judged statistically 

insignificant on the basis of the associated t-statistic (Hall (1994)).  I have again decided to choose 

Schwert’s (1989) rule-of-thumb of setting pmax = int[12(T/100)
0.25

] = int[12(90/100)
0.25

] = 11 as the 

maximum number of lags to start with.  EViews will calculate the optimal lag length automatically, 

although I have not been able to find any information as to the particular strategy employed in doing so 

(information criteria or a general-to-specific testing strategy).  After hitting OK, the results of the test will 

be shown, including the chosen lag length, the chosen break point and the test-statistic along with critical 

values and a p-value. 
Test results for all three series and for each model are given in the following table, which also 

includes critical values for assessing the statistical significance at the 1, 5 and 10 per cent level.  Although 

p-values are provided in the estimation output, they are from the standard t-distribution and do not 

account for the break-point selection procedure.  They should therefore be used with extreme caution, i.e., 

not at all.  Remember that the underlying null hypothesis in each case is that the series under investigation 

                                                 
10

 In other words, we remove 15 per cent of the sample data at either end in calculating the ADF test statistics.  

http://www.eviews.com/cgi/ai_download.cgi?ID=ZAURoot.aipz
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has a unit root with a structural break in the intercept (model A), a unit root with a structural break in the 

trend (model B) and a unit root with a structural break in both the intercept and the trend (model C).  

 

Table 11: Zivot and Andrews (1992) unit root test results 
 

 rm y R 

Model A B C A B C A B C 

Break point 1934 1946 1939 1930 1933 1930 1930 1945 1930 

ZA test statistic -4.09 -3.39 -5.25
b
 -5.05

b
 -4.19

a
 -5.01

a
 -3.76 -3.75 -4.21 

k 3 3 3 1 1 1 2 2 2 

Critical values          

1 per cent -5.34 -4.80 -5.57 -5.34 -4.80 -5.57 -5.34 -4.80 -5.57 

5 per cent -4.93 -4.42 -5.08 -4.93 -4.42 -5.08 -4.93 -4.42 -5.08 

10 per cent -4.58 -4.11 -4.82 -4.58 -4.11 -4.82 -4.58 -4.11 -4.82 

Notes: The selected lag length for the underlying ADF regression is given by k.  Statistical significance at the 

10 per cent level is denoted by 
a
, while statistical significance at the 5 per cent level is denoted by 

b
.  

 

The Zivot and Andrews (1992) unit-root test allowing for one structural break finds some additional 

evidence against the unit-root null hypothesis relative to the unit-root tests without a structural break in 

Sections 3.1 and 3.2.  For rm, the unit-root null hypothesis with a structural break in both the intercept 

and the trend (model C) is rejected at the 5 per cent level.  This seems feasible only if we are happy to 

accept the shift occurring from 1933 to 1946 as a level shift in the series.  For y, all three tests indicate 

some evidence against the unit-root null hypothesis, especially using model A, which may interpret 

developments between 1929 and 1933 as a level shift in the series.  Finally, for R, there is no additional 

evidence against the unit-root null hypothesis, which cannot be rejected in all three models at 

conventional significance levels. 

 

3.5 Efficient unit root tests* 

 

In general, ADF tests have low power against I(0) alternatives that are close to being I(1).  That is, 

unit root tests cannot distinguish highly persistent stationary processes (for which ρ is close to one) from 

non-stationary processes (for which ρ is equal to one) very well.  Also, the power of unit root tests 

diminishes as deterministic terms are added to the test regression.  That is, tests that include a constant 

and trend in the test regression have less power than tests that only include a constant in the test 

regression.  One simple improvement that leads to good size, due to Ng and Perron (2001), is to use 

properly adjusted information criteria when setting the appropriate lag length in the auxiliary ADF 

regression.  They analysed rules for truncating long autoregresssions when performing unit root tests and 

developed modified information criteria with data-dependent penalty functions adequate for integrated 

time series. 

As a result of a concerted research effort to try to increase the power of unit-root tests, there is now 

a new generation of unit-root tests with reasonably low size distortions and good power, especially 

against very persistent alternatives.  But to achieve these dual objectives it may be necessary to use a form 

of de-trending known as generalised least-squares (GLS) de-trending.  These new tests include the PT as 

well as the DF-GLS test, both due to Elliott et al. (1996), and the four M-tests of Perron and Ng (1996) 

and Ng and Perron ( 2001) – all of which are available in EViews.  The application of these tests may be 

advisable if the size of the estimated autoregressive coefficient in the ADF test regression, ρ, is close to 

one. 

In fact, Ng and Perron (2001) have devised a testing procedure that includes both the new 

information criteria for setting the optimal lag length and GLS de-trending.  Let us first illustrate the 

approach due to Elliott et al. (1996) (ERS) that optimises the power of the ADF unit-root test by de-
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trending.  If we are interested in testing for a unit root in yt, the DF-GLS unit-root test is based on 

evaluating H0: (ρ* – 1) = 0 in the auxiliary ADF test regression: 

 

 t
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d
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1 Δ1Δ *)*(  (7) 

 

where yt
d
 is the locally or GLS de-trended series (to be described in the next paragraph).  In other words, 

we estimate the standard ADF test equation after substituting the GLS de-trended yt
d
 for the original yt.  

As with the ADF test, we consider the t-ratio for (ρ* - 1) from this test equation.  In case of a constant 

only, the test statistic will follow the Dickey-Fuller distribution, while we will need to use the critical 

values provided in ERS (Table 1, p. 825) if the test equation includes both a constant and a trend.
11

  Note 

that since yt
d
 will be de-trended, there is no need to include deterministic regressors in the DF-GLS test 

equation. 

De-trending depends on whether a constant or a constant and trend are included in the model.  We 

will assume the latter, more general case for the moment: 
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In (8), )ˆ,ˆ( 10   are obtained by regressing the quasi-difference ty  (to be defined below) on tz , 

which contains either a constant or a constant and time trend.  Therefore: 
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where ),1( tzt   and Tc /1 .  In turn, T represents the number of observations for yt and ERS 

recommend fixing c  at -7 in the model with a constant only (i.e., )1(tz ), which means we have a 

model with drift) and at -13.5 when both a constant and a trend (i.e., ),1( tzt  ) enter the ADF test 

regression.   

The second test suggested by ERS is the ERS point optimal test, denoted PT, which is also based on 

quasi-differenced data.  But rather than use an ADF-type test on yt
d
, the ERS (feasible) point optimal test 

assesses the null hypothesis that α = 1 against the alternative hypothesis that α = α directly.  In order to 

compute the ERS test, we need to specify two things: the set of exogenous regressors, i.e., )1(tz  or 

),1( tzt  , and a method for estimating the residual spectrum at frequency zero.  I would suggest sticking 

with EViews default option, which is AR spectral OLS. 

In addition, EViews also allows us to use the tests constructed by Ng and Perron (2001).  They 

devised four test statistics that are again based upon the GLS-detrended data yt
d
.  In particular, the four 

test are modified versions of Phillips and Perron’s Zα and Zt statistics, the Bhargava (1986) R1 statistic and 

ERS’s point optimal statistic discussed in the previous paragraph.  The four modified statistics are 

denoted MZα
d
, MZt

d
, MSB

d
 and MPT

d
.  As in the case of the ERS point optimal test, we need to specify the 

set of exogenous regressors, i.e., )1(tz  or ),1( tzt  , and a method for estimating the residual spectrum 

at frequency zero.  I would suggest sticking with EViews default option, which is AR GLS-detrended.  

                                                 
11

 Elliott et al. (1996) simulate the critical values for the test statistics for a small number of sample sizes, in particular T = {50, 

100, 200, ∞}.  EViews will interpolate between these simulation results for any other sample size.  
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The different approaches will be illustrated by performing unit-root tests on one of the three 

variables in our long-run money-demand equation: rm, y and R.  We follow Ng and Perron (2001) in 

using their modified information criteria.  If and when required, the lag length for the auxiliary ADF test 

regressions is determined in a general-to-specific methodology by minimising the MAIC (a modified 

form of the Akaike information criterion (AIC)) with pmax = 11 (following Schwert’s (1989) rule-of-

thumb).  

The first series to be tested is rm.  We conduct the ERS point optimal test by opening the series rm 

by double-clicking and then selecting View/Unit Root Test....  In the drop-down menu, select Elliott-

Rothenberg-Stock Point-Optimal, the Level of the series, a Trend and intercept and select the lag 

length automatically according to the Modified Akaike criterion with pmax = 11.  

 

 
 

The output for this first ERS point optimal test should be as in Table 12. 

 

Table 12: ERS point optimal unit root test on the level of rm 
 

Null Hypothesis: RM has a unit root  

Exogenous: Constant, Linear Trend  

Lag length: 3 (Spectral OLS AR based on Modified AIC, maxlag=11) 

Sample: 1900 1989   

Included observations: 90   
     
    P-Statistic 
     

Elliott-Rothenberg-Stock test statistic  16.69334 

Test critical values: 1% level    4.252000 

 5% level    5.656000 

 10% level    6.786000 
     

*Elliott-Rothenberg-Stock (1996, Table 1)   
     

HAC corrected variance (Spectral OLS autoregression)  0.009329 
     

 

This is a one-tailed test with the null hypothesis of a unit root (in the lower – left – tail), which is 

why the critical value at the 1 per cent level is lower than the critical values at the 5 and at the 10 per cent 

level respectively.  The calculated ERS test statistic of 16.693 lies to the right of the critical values, 

meaning that we cannot reject the null hypothesis that rm has a unit root.  In other words, only if the 

computed test statistic had been smaller than 4.252 would we have been able to reject the null hypothesis 

of a unit root in the series to be tested at the 1 per cent level of significance. 
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We repeat the exercise for rm with an intercept only in the test equation.  Results for this version of 

the ERS point optimal unit root test are given in Table 13. 

 

Table 13: ERS point optimal unit root test on the level of rm 
 

Null Hypothesis: RM has a unit root  

Exogenous: Constant   

Lag length: 3 (Spectral OLS AR based on Modified AIC, maxlag=11) 

Sample: 1900 1989   

Included observations: 90   
     
    P-Statistic 
     

Elliott-Rothenberg-Stock test statistic  139.2284 

Test critical values: 1% level    1.934000 

 5% level    3.082000 

 10% level    4.118000 
     

*Elliott-Rothenberg-Stock (1996, Table 1)   
     

HAC corrected variance (Spectral OLS autoregression)  0.007726 
     

 

The interpretation of the test result is the same as before.  The calculated ERS test statistic of 

139.228 lies to the right of the critical values, meaning that we cannot reject the null hypothesis that rm 

has a unit root.   

Turning next to the calculation of the DF-GLS test, we select Dickey-Fuller GLS (ERS) as the unit 

root test type.  For the ADF test equation including a constant and trend, the test result is as given in 

Table 14. 

 

Table 14: Dickey-Fuller GLS (ERS) unit root test on the level of rm 
 

Null Hypothesis: RM has a unit root  

Exogenous: Constant, Linear Trend  

Lag Length: 3 (Automatic - based on Modified AIC, maxlag=11) 
     
    t-Statistic 
     

Elliott-Rothenberg-Stock DF-GLS test statistic -1.496053 

Test critical values: 1% level   -3.633200 

 5% level   -3.074800 

 10% level   -2.782000 
     

*Elliott-Rothenberg-Stock (1996, Table 1)  

 

This is another one-tailed test with the null hypothesis of a unit root (in the lower – left – tail), 

which is why the critical value at the 1 per cent level is more to the left on the number line than the 

critical values at the 5 and at the 10 per cent level respectively.  The calculated ADF-GLS test statistic of 

-1.496 lies to the right of the critical values, meaning that we cannot reject the null hypothesis that rm 

has a unit root.  In other words, only if the computed test statistic had been more to the left than -3.633 

would we have been able to reject the null hypothesis of a unit root in the series to be tested at the 1 per 

cent level of significance. 

For the test equation with a constant only, the calculated ADF-GLS test statistic is 0.516 (output not 

shown), which is again not significant at conventional significance levels.  This again confirms the unit-

root null hypothesis.  
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Finally, we turn to the four Ng and Perron (2001) modified unit-root tests.  The output from 

applying those tests to rm is reproduced in Table 15. 

 

Table 15: Ng and Perron (2001) modified unit root test on the level of rm 
 

Null Hypothesis: RM has a unit root  

Exogenous: Constant, Linear Trend  

Lag length: 3 (Spectral GLS-detrended AR based on Modified AIC, maxlag=11) 

Sample: 1900 1989    

Included observations: 90   
      
     MZa    MZt    MSB    MPT 
      

Ng-Perron test statistics -6.38284 -1.70631 0.26733 14.2820 

Asymptotic critical values*: 1% -23.8000 -3.42000 0.14300 4.03000 

 5% -17.3000 -2.91000 0.16800 5.48000 

 10% -14.2000 -2.62000 0.18500 6.67000 
      

*Ng-Perron (2001, Table 1)    
      

HAC corrected variance (Spectral GLS-detrended AR)  0.010457 
      

 

None of the four tests provide any evidence against the unit-root null hypothesis (why?).  This 

result is borne out by evaluating the unit-root tests with a constant only, results for which are shown in 

Table 16. 

 

Table 16: Ng and Perron (2001) modified unit root test on the level of rm 
 

Null Hypothesis: RM has a unit root  

Exogenous: Constant   

Lag length: 3 (Spectral GLS-detrended AR based on Modified AIC, maxlag=11) 

Sample: 1900 1989    

Included observations: 90   
      
     MZa    MZt    MSB    MPT 
      

Ng-Perron test statistics 0.60522 0.54742 0.90449 53.8646 

Asymptotic critical values*: 1% -13.8000 -2.58000 0.17400 1.78000 

 5% -8.10000 -1.98000 0.23300 3.17000 

 10% -5.70000 -1.62000 0.27500 4.45000 
      

*Ng-Perron (2001, Table 1)    
      

HAC corrected variance (Spectral GLS-detrended AR)  0.014457 
      

 

For what it is worth (and for full disclosure), my results for all efficient unit root tests are given in 

Table 17.  Overall, they do not contradict the unit-root test results from the ADF and KPSS tests, namely 

that all three variables are integrated of order one and contain a unit root.  For the level series, the one 

contentious result is obtained for y in the model using a constant and a trend: the ERS PT test rejects the 

unit-root null hypothesis at the 10 per cent level, while the DF-GLS test rejects the null hypothesis of a 

unit root at the 5 per cent level. 
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Table 17: Results for all efficient unit root tests 

on the level and first difference of the money demand variables 
 

 Levels First differences 

Test Constant, trend Constant only Constant, trend Constant only 

ERS PT     

  rm 16.693 (3) 139.228 (3) 8.335 (2) 7.230 (2) 

  y 6.496* (0) 1340.172 (9) 2.744*** (0) 1.250*** (0) 

  R 32.806 (6) 7.230 (4) 2.082*** (0) 0.593*** (0) 

ADF-GLS     

  rm -1.496 (3) 0.516 (3) -2.557 (2) -1.360 (2) 

  y -3.852*** (1) 1.756 (1) -6.595*** (0) -5.266*** (0) 

  R -1.650 (2) -1.317 (2) -9.072*** (1) -9.037*** (1) 

MZα
d
     

  rm -6.383 (3) 0.605 (3) -9.740 (2) -3.255 (2) 

  y -13.749 (0) 1.568 (1) -4.235 (10) -1.010 (10) 

  R -4.708 (4) -3.390 (4) -43.462 (0) -43.446*(0) 

MZt
d
     

  rm -1.706 (3) 0.547 (3) -2.206 (2) -1.106 (2) 

  y -2.621* (0) 1.988 (1) -1.450 (10) -0.6427 (10) 

  R -1.481 (4) -1.144 (4) -4.656*** (0) -4.648 (0) 

MSB
d
     

  rm 0.267 (3) 0.904 (3) 0.226 (2) 0.340 (2) 

  y 0.191 (0) 1.268 (1) 0.342 (10) 0.637 (10) 

  R 0.315 (4) 0.337 (4) 0.107*** (0) 0.107*** (0) 

MPT
d
     

  rm 14.282 (3) 53.865 (3) 9.359 (2) 7.377 (2) 

  y 6.631 (0) 120.608 (1) 21.465 (10) 21.128 (10) 

  R 19.017 (4) 7.158 (4) 2.124*** (0) 0.599*** (0) 

Notes: A *,**,*** denotes statistical significance at the 10, 5 and 1 per cent level respectively.  Numbers in parentheses 

indicate the chosen lag order using Ng and Perron’s (2001) MAIC criterion and a maximum lag of 11.  

 

4 Testing for cointegration 

 

Having established that all three variables are I(1), we may now wish to address the possible 

existence of a long-run, or cointegration, relation between the variables.  Stock and Watson (2007, p. 658) 

suggest three ways of deciding whether two (or more) variables can plausibly be modelled as 

cointegrated: (i) use expert knowledge and economic theory; (ii) graph the series and see whether they 

appear to move together in such a way that a linear combination of them is stationary; and (iii) perform 

statistical tests for cointegration.  All three methods should be used in practice. 

Following their suggestion, we will also employ the three approaches.  First, we must use our expert 

knowledge of the variables to decide whether cointegration is in fact plausible.  As postulated in equation 

(1), there are good theoretical reasons to expect a cointegration relation between real money, income and 

interest rates.   

Second, visual inspection of the series helps to identify cases in which cointegration is plausible.  

Recall that real money (rm) and income (y) move together fairly closely, as do real velocity and the 

commercial paper rate (rv and R respectively). 

The third issue, that of statistical testing for cointegration, will occupy us for the rest of the 

exercise. 
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5 Univariate tests for cointegration 

 

When testing for cointegration, we are trying to establish a long-run relationship between two or 

more variables, such that there is a long-run or cointegrating vector which defines a relationship that tends 

to hold over time and to which the variables revert.  Where would we expect to find evidence of 

cointegration?  An obvious candidate is to look at the residuals obtained from the cointegrating equation.  

In particular, if the residuals are stationary, then the underlying relationship is cointegrated.  A number of 

tests therefore look at the statistical behaviour of the cointegrating residuals. 

 

5.1 The Engle and Granger (1987) two-step procedure 

 

In some cases, expert knowledge or economic theory suggest values for the elements of the 

cointegrating vector.  We can then directly construct the residual series from the cointegration regression 

and test the null hypothesis that the residual series contains a unit autoregressive root using any of the unit 

root tests highlighted above (ADF, KPSS, etc.).  In most cases, however, the elements of the cointegrating 

vector are unknown and must be estimated prior to testing for a unit root in the residuals (the error-

correction term).  The Engle and Granger (1987) test for cointegration is such a two-step approach. 

 

Question 4: Estimate the following assumed long-run or cointegration equation: 

 
 rm  c  y  r 

 

using OLS.  This corresponds to the first step of estimating the elements in the cointegrating vector. 

 

Answer 4:  The results are shown in Table 18. 

 

Table 18: OLS estimation results of long-run money-demand equation 
 

Dependent Variable: RM   

Method: Least Squares   

Sample: 1900 1989   

Included observations: 90   
     

 Coefficient Std. Error t-Statistic Prob.   
     

C -0.773709 0.042689 -18.12447 0.0000 

Y 0.941838 0.019618 48.00929 0.0000 

R -0.083223 0.005383 -15.46071 0.0000 
     

R-squared 0.964151     Mean dependent var 0.976713 

Adjusted R-squared 0.963327     S.D. dependent var 0.693053 

S.E. of regression 0.132721     Akaike info criterion -1.168375 

Sum squared resid 1.532485     Schwarz criterion -1.085048 

Log likelihood 55.57690     Hannan-Quinn criter. -1.134773 

F-statistic 1169.934     Durbin-Watson stat 0.556614 

Prob(F-statistic) 0.000000    

 

Note that the regression results look very much like a spurious regression:  the R
2
 is high, t-statistics 

are very large and the Durbin-Watson statistic is on the low side (below the R
2
, in fact).  Remember that 

standard OLS t-values are unreliable in the presence of I(1) regressors and cannot be used.  For that 

reason, some econometrics textbooks (such as Hayashi (2000) and Stock and Watson (2007)) present 
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estimation results for cointegrating regression without standard errors.
12

  Their argument is that the OLS 

estimators – as well as the associated t-statistics – of the cointegrating coefficients follow non-standard 

distributions, in which case presenting standard errors (heteroskedasticity and autocorrelation consistent 

(HAC) or otherwise) would be misleading. 

In the second step of Engle and Granger (1987), the saved residuals from the long-run model are 

tested for stationarity using an ADF test.  In order to save the residuals, go to Proc/Make Residual 

Series…, select Ordinary and provide a meaningful series name (such as eg_resid_rm for the error-

correction term using the Engle and Granger methodology with rm as the left-hand-side variable).  This 

saves the long-run equation residuals for the cointegration test as an EViews series named 

eg_resid_rm. 

We can take a look at the residuals to see if the impression of their time-series behaviour is that of a 

stationary series.  In general, stationary series have a finite variance and the expected time between 

crossings of zero is finite, i.e., the series should fluctuate around its mean of zero.  The residual series 

shown in Figure 2 could be a suitable candidate for a stationary series.  

 

Figure 2: Residuals from the long-run money-demand cointegrating equation 
 

 
 

Before moving on, we note in passing that the regression residuals in the second part of the sample 

look different (more volatile) from those in the first part of the sample.  We will return to this point below 

when we discuss the stability of the estimated money-demand equation.   

Testing for a unit root in the regression residuals proceeds in the same manner as above.  Double-

click on the series eg_resid_rm and go to View/Unit Root Test….  Select the Augmented Dickey-

Fuller test option and the series in Levels.  But this time, we do not include a trend or constant.  We 

should spend a little time thinking about our choice of deterministic regressors.  Why do we not include a 

constant or trend in this case?  Well, we do not expect regression residuals to have either a trend or a non-

zero mean.
13

  There is no need to include a constant in the augmented autoregression because, with the 

first-step regression already including a constant, the sample mean of the residuals is guaranteed to be 

zero.  There is no need to include a time trend either, because the variables of the first-step regression 

implicitly or explicitly include time trends.  In fact, neither the constant nor the trend enters significantly 

into the augmented Dickey-Fuller regression.  

After testing down, the output of the resulting ADF(2) test on eg_resid_rm is given in Table 19. 

 

                                                 
12

 This is also why no standard errors are given for the static OLS (SOLS) estimation results in Table III.A in Stock and 

Watson (1993, p. 803). 
13

 In fact, there is no evidence of a time trend in the chart of the residual series. 
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Table 19: Augmented Dickey-Fuller unit root test on the level of eg_resid_rm 
 

Null Hypothesis: EG_RESID_RM has a unit root  

Exogenous: None   

Lag Length: 2 (Fixed)   
     

   t-Statistic   Prob.* 
     

Augmented Dickey-Fuller test statistic -3.201894  0.0017 

Test critical values: 1% level  -2.591813  

 5% level  -1.944574  

 10% level  -1.614315  
     

*MacKinnon (1996) one-sided p-values.  

     

Augmented Dickey-Fuller Test Equation  

Dependent Variable: D(EG_RESID_RM)   

Method: Least Squares   

Sample (adjusted): 1903 1989   

Included observations: 87 after adjustments  
     

 Coefficient Std. Error t-Statistic Prob.   
     

EG_RESID_RM(-1) -0.273776 0.085504 -3.201894 0.0019 

D(EG_RESID_RM(-1)) 0.268601 0.101806 2.638368 0.0099 

D(EG_RESID_RM(-2)) -0.227101 0.106309 -2.136241 0.0356 
     

R-squared 0.248954     Mean dependent var -0.001454 

Adjusted R-squared 0.231072     S.D. dependent var 0.098925 

S.E. of regression 0.086745     Akaike info criterion -2.017803 

Sum squared resid 0.632081     Schwarz criterion -1.932772 

Log likelihood 90.77445     Hannan-Quinn criter. -1.983564 

Durbin-Watson stat 1.957543    
     

 

Recall that the critical values for the unit root test supplied by EViews, as well as the p-value equal 

to 0.0017, cannot be used in a cointegration context.  The problem with the Engle and Granger (1987) 

two-step approach is that, since the first-step residuals are derived as a residual from a regression in 

which the cointegrating vector is estimated, and since if the null of non-cointegration was true such a 

vector would not be identified, using the conventional critical values would reject the null too often.
14

  

Instead, we have to use the critical values found in MacKinnon (1991, p. 275, Table 1) or Davidson and 

MacKinnon (1993, Table 20.2).  

As an aside, note that MacKinnon uses an interesting approach to represent the critical values.  

MacKinnon employs a so-called response surface, which provides a formula for obtaining the correct 

critical values for different levels of statistical significance, different choices of deterministic regressors, 

different numbers of observations and different numbers of I(1) variables.
15

  In other words, the 

advantage of the response surface methodology is that accurate 1, 5 and 10 per cent quantiles appropriate 

for a given sample can be produced.  MacKinnon runs a number of Monte Carlo experiments to calculate 

the correct critical values for a variety of sample sizes (in one case, these are 18, 20, 22, 25, 28, 30, 32, 

                                                 
14

 Estimating the first step using least squares will seek a cointegrating vector that minimises the residual variance and hence is 

most likely to result in a stationary residual series.   
15

 I am highlighting this approach as it is a standard way of generating critical values as well as p-values in statistical software. 
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40, 50, 75, 100, 150, 200, 250 and 500, providing 15 observations of sample-size-dependent critical 

values for different data-generating processes).  Then he fits regression equations of the form: 

 

 C(p,Tk) = β∞ + β1Tk
-1

 + β2Tk
-2

 + εt (10) 

 

where Tk is the sample size of that particular experiment and Ck(p) denotes the critical value for the p per 

cent level of significance for the k-th experiment.  In the presence of three independent I(1) variables (rm, 

y, r), such that k = 3, and no trend in the model, the values for β∞, β1 and β2 respectively are given by: 

 

 for the 1 per cent significance level (p = 1 per cent): -4.2981, -13.790, -46.37; 

 for the 5 per cent significance level (p = 5 per cent): -3.7429, -8.352, -13.41; and 

 for the 10 per cent significance level (p = 10 per cent): -3.4518, -6.241, -2.79 

 

Plugging these values into the response surface given by equation (2) results in the three critical 

values of C(1 per cent, 87) = -4.46273, C(5 per cent, 87) = -3.84067 and C(10 per cent, 87) = -3.52390.  

Note that MacKinnon (1991) tabulates values for up to six regressors in each case.   

The conclusion we reach is that we cannot reject the null hypothesis that the error-correction term, 

eg_resid_rm, has a unit root at conventional significance levels (why?).  It is therefore non-stationary, 

meaning that there is (strong) evidence against cointegration.   

 

5.2 The Engle and Granger (1987) two-step procedure in EViews 7 

 

EViews 7 now has a built-in cointegration testing procedure for the Engle and Granger residual-

based test.  In order to estimate a cointegration equation, we make use of a new option in the equation 

object.  First, create an equation object by selecting Object/New Object…/Equation or Quick/Estimate 

Equation….  In the Estimation settings box, select the COINTREG – Cointegrating Regression 

option.  The dialog will show the settings appropriate for your cointegrating regression.  There are three 

parts to specifying your equation, starting with the first two sections of the dialog (Equation 

specification and Cointegrating regression specification).  Then you will use the Nonstationary 

estimation settings section to specify the basic cointegating regression estimation method.  Finally, you 

specify the sample and – when done – you click OK to estimate the equation.  Note that we have ignored 

the Options tab for the time being.  

In terms of specifying the cointegrating equation, we make use of the first two sections of the dialog 

(Equation specification and Cointegrating regressors specification).  The cointegrating equation itself 

is specified in the Equation specification section, where you should enter the name of the dependent 

variable, rm, followed by a list of the cointegrating regressors, which in our case are y and R.  The Trend 

specification box is used to choose from a list of deterministic trend variable assumptions (None, 

Constant (Level), Linear Trend and Quadratic Trend).  Note that the different combinations are 

sequential, such that choosing the Linear Trend option automatically also includes a Constant (Level) 

and that selecting Quadratic Trend includes a constant and a linear trend along with the quadratic trend.  

If you wish to add deterministic regressors that are not offered in the pre-specified list, such as seasonal or 

other dummies, you may enter the series name in the Deterministic regressors edit box.  We retain the 

default Trend specification of Constant (Level). 

The Cointegrating regression specification section of the dialog box completes the specification 

of the regression equation.  Any deterministic regressors that are included in the regression equation but 

do not enter the cointegrating equation should be specified either using the Additional trends box (for 

linear and quadratic trends) or by entering regressors explicitly using the Additional deterministic 

regressors edit field.  
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After you have specified the cointegrating and regressor equations, you are ready to describe your 

estimation method.  In order to estimate the first step of the Engle and Granger two-step procedure, we 

select the Dynamic OLS (DOLS) method in the Nonstationary estimation settings.  As we will see in 

Section 4.1.3 below, DOLS nests within it the static OLS (SOLS) regression framework.  The 

cointegrating equation in the first step of the Engle and Granger approach is estimated by setting the Lag 

& lead method field to None.  In order to duplicate our earlier results, we have to make an adjustment to 

the estimation options, which can be found by clicking on the Options tab.  In particular, the Coefficient 

covariance matrix method will be Ordinary Least Squares and we make sure that the d.f. (degrees-of-

freedom) Adjustment box is ticked.  

The output from this equation is displayed in Table 20, which is identical to the results given in 

Table 18.  

 

Table 20: OLS estimation results of long-run money-demand equation 
 

Dependent Variable: RM   

Method: Dynamic Least Squares (DOLS)  

Sample: 1900 1989   

Included observations: 90   

Cointegrating equation deterministics: C   

Static OLS leads and lags specification  

Ordinary (static) least squares standard errors & covariance 
     

Variable Coefficient Std. Error t-Statistic Prob.   
     

Y 0.941838 0.019618 48.00929 0.0000 

R -0.083223 0.005383 -15.46071 0.0000 

C -0.773709 0.042689 -18.12447 0.0000 
     
     R-squared 0.964151     Mean dependent var 0.976713 

Adjusted R-squared 0.963327     S.D. dependent var 0.693053 

S.E. of regression 0.132721     Sum squared resid 1.532485 

Durbin-Watson stat 0.556614     Long-run variance 0.017615 
     

 

The second step in the Engle and Granger procedure has been simplified in the sense that after 

estimating the cointegrating equation, you simply select View/Cointegration Tests… and choose Engle-

Granger in the drop-down Test Method menu.  The dialog will change to display the required options, 

mainly for specifying the number p of augmenting lags in the ADF regression.  By default, EViews 7 

carries out an automatic lag-length selection using the Schwarz information criterion.  Alternative 

approaches are to specify a Fixed (User-specified) lag length, select a different information criterion 

(Akaike, Schwarz, Hannan-Quinn, Modified Akaike, Modified Schwarz or Modified Hannan-

Quinn) or specify a sequential testing procedure starting with the highest order lag and using a t-statistic 

and a pre-specified p-value threshold.  In order to replicate our earlier results in Table 19, I chose the t-

statistic approach, selecting 11 for the Maximum lag and a p-value of 0.05.  The resulting output can be 

found in Table 21. 

 

Table 21: Augmented Dickey-Fuller unit root test on the level of eg_resid_rm 
 

Cointegration Test - Engle-Granger  

Equation: UNTITLED   

Specification: RM Y R C   

Cointegrating equation deterministics: C  

Null hypothesis: Series are not cointegrated  

Automatic lag specification (lag=2 based on t-statistic, maxlag=11, p=0.05) 
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  Value Prob.*  

Engle-Granger tau-statistic -3.201894  0.1842  

Engle-Granger z-statistic -24.84974  0.0449  
     

*MacKinnon (1996) p-values.   

     

Intermediate Results:   

Rho - 1 -0.273776   

Rho S.E.  0.085504   

Residual variance  0.007525   

Long-run residual variance  0.008190   

Number of lags  2   

Number of observations  87   

Number of stochastic trends**  3   
     

**Number of stochastic trends in asymptotic distribution. 

     

Engle-Granger Test Equation:   

Dependent Variable: D(RESID)   

Method: Least Squares   

Sample (adjusted): 1903 1989   

Included observations: 87 after adjustments  
     

Variable Coefficient Std. Error t-Statistic Prob.   
     

RESID(-1) -0.273776 0.085504 -3.201894 0.0019 

D(RESID(-1)) 0.268601 0.101806 2.638368 0.0099 

D(RESID(-2)) -0.227101 0.106309 -2.136241 0.0356 
     

R-squared 0.248954     Mean dependent var -0.001454 

Adjusted R-squared 0.231072     S.D. dependent var 0.098925 

S.E. of regression 0.086745     Akaike info criterion -2.017803 

Sum squared resid 0.632081     Schwarz criterion -1.932772 

Log likelihood 90.77445     Hannan-Quinn criter. -1.983564 

Durbin-Watson stat 1.957543    
     

 

The test results are divided into three distinct sections.  The top portion displays the test 

specification (including the null hypothesis) and settings, along with the test values and corresponding p-

values.  In contrast to our earlier application of the Engle and Granger two-step approach, EViews 7 now 

automatically gives you the appropriate p-value for the null hypothesis that the series are not cointegrated 

(equal to 0.1842 in case of the τ-statistic (t-statistic)).  These are, again, based on McKinnon’s (1996) 

response surface simulation results.  In addition to the traditional τ-statistic (t-statistic) that we have come 

across before, EViews 7 now also calculates another test statistic.  This is based on the normalised 

autocorrelation coefficient times the number of observations and is termed the z-statistic.  This statistic is 

less frequently used in practice.  Its intended purpose is to provide more robust inference, but this is not 

always the case.  On the basis of the p-value for the τ-statistic, we cannot reject the null hypothesis that 

the series are not cointegrated (the famous triple negative in cointegration analysis!).  The z-statistic, on 

the other hand, is just significant at the 5 per cent level, meaning that we can (just) reject the null 

hypothesis that the series are not cointegrated.   

The middle section of the output provides intermediate results that were used in constructing the 

test statistics, while the bottom section of the output displays the results for the actual ADF test equation.  

You will find that the Engle-Granger test equation is identical to the one in Table 19.   
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One of the (many) drawbacks of the Engle and Granger two-step methodology is that all variables 

on the right-hand side are assumed to be exogenous.
16

  In theory, we should be able to do the 

cointegrating regression in different ways, which should leave the results on the presence or absence of a 

long-run cointegrating vector unchanged.  As outlined in the presentation, all combinations of variables 

should yield a consistent result. 

 

Question 5: Test one of the alternative orderings of the variables, i.e., with either y or R on the left-hand 

side, to see whether the cointegration result is consistent.  

 

Answer 5: With t-values of -3.344068 (ADF(2)) and -5.692327 (ADF(1)) for y and R as the dependent 

variable respectively, the three cointegration tests are inconsistent in either rejecting or not rejecting the 

unit root hypothesis in the residuals.  The unit-root test on the residuals from the equation with y as the 

dependent variable confirms the earlier result: we can again not reject the null hypothesis that the series 

are not cointegrated (p-value: 0.1423).  But the equation with R as the dependent variable rejects the null 

hypothesis that the series are not cointegrated (p-value: 0.0002), indicating that there is a cointegration 

relation. 

 

You may have noticed that the estimated coefficients from the first step of the Engle and Granger 

methodology are slightly different from those shown as SOLS in Table III.A of Stock and Watson (1993).  

This is because Stock and Watson estimate their long-run cointegrating equation over the period from 

1903 to 1987, while we have estimated the first-step equation over the period from 1900 to 1989.   

The following table therefore reports the – adjusted – static OLS (SOLS) estimates of the 

cointegrating regression over the period from 1903 to 1987.  These are the same values that appear in 

Stock and Watson’s table.  The authors sacrifice two observation points at the beginning and the end of 

the sample respectively to make their results comparable across their different estimation approaches.  In 

particular, in order to make the static OLS results comparable with those from the dynamic OLS approach 

to be discussed below, we have to reduce the sample period by two at both the start and at the end.
17

  

Standard errors are not reported because the asymptotic distribution of the associated t-ratios, being 

dependent on nuisance parameters, is unknown.  The static OLS estimate of the income elasticity of 

0.9426 is close to unity, but, in the absence of a reliable standard error, we cannot assess whether it is 

significantly different from unity.   

 

Table 22: OLS estimation results of long-run money-demand equation 
 

Dependent Variable: RM   

Method: Least Squares   

Sample: 1903 1987   

Included observations: 85   
     

 Coefficient Std. Error t-Statistic Prob.   
     

C -0.775730    

Y 0.942592    

                                                 
16

 Other shortcomings include the fact that we cannot perform statistical tests on the elements of the cointegrating vector, as the 

standard errors of the cointegrating relation are unreliable.  In models with more than two variables, we cannot assess the 

existence of multiple cointegrating vectors.  Furthermore, the step-wise testing procedure implies an errors-in-regression bias 

and therefore a compounding of errors.  Finally, the univariate cointegration test with residuals imposes possibly invalid 

restrictions on the short-run behaviour, as discussed in Maddala and Kim (1998).  
17

 This is because two lead and lagged changes will be included in the augmented cointegrating regression in the dynamic OLS 

estimation.  
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R -0.082452    
     

R-squared 0.958963     Mean dependent var 1.000538 

Adjusted R-squared 0.957962     S.D. dependent var 0.660435 

S.E. of regression 0.135411     Akaike info criterion -1.126355 

Sum squared resid 1.503553     Schwarz criterion -1.040144 

Log likelihood 50.87008     Hannan-Quinn criter. -1.091678 

F-statistic 958.0904     Durbin-Watson stat 0.549068 

Prob(F-statistic) 0.000000    

 

5.3 The Kremers et al. (1995) error-correction model* 

 

The emphasis in Stock and Watson (1993) has been on inference about the long-run or 

cointegrating relations, and the different estimators in the paper treat the parameters describing the short-

run dynamics of the process as nuisance parameters.  But in many applications, the short-run dynamics 

are of equal or even primary interest.  For example, much of the empirical money demand literature has 

focused on the search for a stable short-run money demand function.  The single-equation error-correction 

framework described in this section provides an approach that combines both the long- and the short-run.  

If two or more variables are cointegrated, then the OLS estimator of the coefficients in the 

cointegrating regression is consistent.  But, in general, the OLS estimator has a non-normal distribution 

and inferences based on t-statistics can be misleading, regardless of whether or not these t-statistics have 

been computed using heteroskedasticity and autocorrelation consistent (HAC) standard errors.  Because 

of these drawbacks of OLS estimators of the long-run or cointegration equation, econometricians have 

developed a number of other estimators of the cointegration coefficients.  

The first one we will consider, the error-correction model (ECM) cointegration test due to Kremers 

et al. (1992), is more powerful than the cointegration ADF test performed above.  This is mainly because 

it does not impose a so-called common factor constraint on the short-term dynamics, as can happen in the 

Engle and Granger two-step methodology (as discussed in, inter alia, Maddala and Kim (1998)).  In this 

approach, we estimate a short-run dynamic model including an error-correction term and test its statistical 

significance.  The Granger representation theorem says that there is an error-correction representation for 

every cointegration relation.  Testing the statistical significance of the coefficient on the error-correction 

term is thus akin to testing for cointegration: if a cointegration relation exists, the coefficient on the ECM 

term must be significantly different from zero.  Conversely, if the coefficient on the ECM term is zero, 

then we have no cointegration.  

Employing a general-to-specific testing methodology, we start (arbitrarily) with four lags of the first 

difference (why the first difference?) of each of the variables and the lagged error-correction term from 

the first stage of the Engle and Granger two-step methodology.  We test ‘down’, removing all 

insignificant lagged variables and imposing restrictions where possible.  One of the advantages of this 

approach is that we can use conventional t- and F-tests for this purpose (Banerjee et al. (1993)).  

 

Question 6: Estimate the following short-run dynamic model: 

 
 drm  c  drm(-1 to -4)  dy(-1 to -4)  dr(-1 to -4)  eg_resid_rm(-1) 

 

using OLS.  Note that the eg_resid_rm term is the one obtained earlier from the Engle and Granger 

two-step procedure.  

 

Answer 6:  The results are shown in Table 23. 
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Table 23: OLS estimation results of the full long-run money-demand error-correction model 
 

Dependent Variable: DRM   

Method: Least Squares   

Sample (adjusted): 1905 1989   

Included observations: 85 after adjustments  
     

 Coefficient Std. Error t-Statistic Prob.   
     

C 0.014906 0.007275 2.048958 0.0442 

DRM(-1) 0.299898 0.128370 2.336198 0.0223 

DRM(-2) -0.121013 0.120936 -1.000642 0.3204 

DRM(-3) 0.422449 0.121474 3.477695 0.0009 

DRM(-4) 0.111333 0.125687 0.885800 0.3787 

DY(-1) 0.062989 0.106289 0.592614 0.5553 

DY(-2) -0.244496 0.107051 -2.283916 0.0254 

DY(-3) 0.096483 0.105442 0.915029 0.3633 

DY(-4) -0.222123 0.099726 -2.227329 0.0291 

DR(-1) -0.004177 0.006013 -0.694657 0.4895 

DR(-2) 0.005356 0.006307 0.849335 0.3985 

DR(-3) -0.002965 0.005714 -0.518981 0.6054 

DR(-4) 0.011203 0.005622 1.992667 0.0501 

EG_RESID_RM(-1) -0.081058 0.056275 -1.440383 0.1542 
     

R-squared 0.340458     Mean dependent var 0.022657 

Adjusted R-squared 0.219697     S.D. dependent var 0.054373 

S.E. of regression 0.048031     Akaike info criterion -3.084518 

Sum squared resid 0.163792     Schwarz criterion -2.682199 

Log likelihood 145.0920     Hannan-Quinn criter. -2.922694 

F-statistic 2.819271     Durbin-Watson stat 1.832024 

Prob(F-statistic) 0.002640    

 

We find that several of the higher lags of the first-differenced regressors are statistically 

insignificant.  In particular, we note that drm(-2), drm(-4), dy(-1), dy(-3), dr(-1), dr(-2) 

and dr(-3) are all not statistically significant (at the 5 per cent level) – with dr(-4) being borderline 

significant.  We therefore exclude them from the estimated equation.  An F-test for the null hypothesis 

that the seven variables drm(-2), drm(-4), dy(-1), dy(-3), dr(-1), dr(-2) and dr(-3) are 

zero cannot be rejected; the test statistic is F(7,71) = 0.7853 with a p-value of 0.6018.  Including dr(-4) 

in the list of variables results in an F(8,71) test statistic of 0.9969, which has a p-value of 0.4461.  

Continuing in this vein, i.e., eliminating insignificant regressors and re-estimating, yields the 

following short-run dynamic equation, where all the included regressors (apart from the error-correction 

term, which is borderline significant) are significant at the 5 per cent level (Table 24). 

 

Table 24: OLS estimation results of the final long-run money-demand error-correction model 
 

Dependent Variable: DRM   

Method: Least Squares   

Sample (adjusted): 1904 1989   

Included observations: 86 after adjustments  
     

 Coefficient Std. Error t-Statistic Prob.   
     

C 0.013345 0.006362 2.097501 0.0391 
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DRM(-1) 0.268662 0.098595 2.724911 0.0079 

DRM(-3) 0.362872 0.102219 3.549963 0.0006 

DY(-2) -0.199046 0.089983 -2.212051 0.0298 

EG_RESID_RM(-1) -0.076668 0.039725 -1.929961 0.0571 
     

R-squared 0.235828     Mean dependent var 0.022689 

Adjusted R-squared 0.198091     S.D. dependent var 0.054053 

S.E. of regression 0.048404     Akaike info criterion -3.162067 

Sum squared resid 0.189783     Schwarz criterion -3.019373 

Log likelihood 140.9689     Hannan-Quinn criter. -3.104639 

F-statistic 6.249258     Durbin-Watson stat 1.844793 

Prob(F-statistic) 0.000196    

 

Having selected a final short-run error-correction model, we can now determine whether the error-

correction variable, eg_resid_rm(-1), is statistically significant.  Taking a look at the conventional t-

statistic on eg_resid_rm(-1), which is permissible as shown in Banerjee et al. (1993), we conclude 

that the error-correction term enters the short-run dynamic equation significantly (albeit only at the 10 per 

cent level of significance; the p-value is 0.0571) and with the right (negative – why?) sign.  This provides 

(weak) evidence that a cointegration relation exists.  On the other hand, the model now includes both 

long- (eg_resid_rm) and short-term variables (drm, dy).  

 

5.4 Saikkonen (1991) and Stock and Watson (1993): the dynamic OLS method 

 

One of the (many) drawbacks of the Engle and Granger two-step methodology is that all variables 

on the right-hand side are assumed to be exogenous.  The next (univariate) model for cointegration in this 

exercise is the dynamic OLS (DOLS) method due to Saikkonen (1991) and Stock and Watson (1993).  

The main improvement of the DOLS method over the Engle and Granger two-step methodology is that it 

takes into account the possible endogeneity of the regressors, i.e., the right-hand side variables.  The 

DOLS estimator is efficient and the associated test statistics (such as the t- and Wald statistics) have 

conventional asymptotic distributions. 

Having tested the variables to see if they are non-stationary, we postulate a model to test whether 

two or more non-stationary variables are cointegrated.  Let Yt = (y1t, Y2t′)′ where Y2t = (y2t, ... , ynt)′ is an 

((n – 1) × 1) vector and let the cointegrating vector be normalised as β = (1, -β2′)′.  The model due to 

Saikkonen (1991) and Stock and Watson (1993) augments the cointegrating regression of y1t on Y2t with k 

leads and lags of ∆Y2t and has the following form (Dt contains the required deterministic terms): 
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 (11) 

 

where k denotes leads (future) and lags (past) of the first difference of the right-hand side variables 

respectively.  The DOLS estimator therefore includes past, present and future values of the changes in the 

regressors.  The order of k is selected using information criteria, i.e., we start with an upper limit for k and 

follow a general-to-specific testing procedure, calculating all different options and selecting the one that 

minimises one (or all) of the three information criteria (AIC, SC, HQ).  In practice, if you have enough 

observations, it is a good idea to start with a liberal, i.e., large, number of leads and lags.  In practice, it 

would be possible to set the order for the leads (k1, say) different from the order of the lags (k2), although 

most practical implementations of equation (3) set k1 = k2 = k.  
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Question 7:  Starting with k = 4, select the appropriate lag length for the dynamic model regressing rm on 

a constant, y and R (as well as higher leads and lags of the first difference of the independent variables).  

In other words, in our case, y1t = (rm) and Y2t = (y2t, y3t) = (y, R).  

 

Answer 7: You should find that k = 2 minimises the information criteria.  You may want to use Table 25 

to complete the entries for the relevant information criteria. 

 

Table 25: Information criteria for different long-run money-demand equation estimated by DOLS 
 

 AIC SC HQ 

k = 4 -1.77076   

k = 3   -1.50964 

k = 2    

k = 1  -1.29750  

k = 0   -1.13477 

 

To be able to do inference, we turn to DOLS estimation of the cointegrating vector.  This approach 

estimates the parameters (θ0, θy, θR) in the cointegrating regression by adding Δyt, ΔRt and their leads and 

lags.  In Stock and Watson (1993), the number of leads and lags is – seemingly arbitrarily – chosen to be 

two, but we can see from the table above that the information criteria provide strong supportive evidence 

for this choice.  The augmented cointegrating regression associated with equation (11) is therefore: 

 

 mt – pt = θ0 + θyyt + θRRt  

 + ψy0Δyt + ψy1Δyt+1 + ψy2Δyt+2 + ψy,-1Δyt-1 + ψy,-2Δyt-2  

 + ψR0ΔRt + ψR1ΔRt+1 + ψR2ΔRt+2 + ψR,-1ΔRt-1 + ψR,-2ΔRt-2 + εt (12) 

 

The OLS estimator of the cointegrating vector (θ0, θy, θR) based on this augmented cointegrating 

regression is referred to as dynamic OLS (DOLS), to distinguish it from the static OLS estimator based 

on the cointegrating regression without leads and lags of changes in y and R.  

 

Question 8: Estimate the cointegration equation (12) by dynamic OLS.  The dependent variable is rm and 

the independent variables are a constant, y and R (as well as two leads and lags of the first difference of 

the independent variables).   

 

Answer 8: As mentioned above, the inclusion of two leads and lags dictates that the sample period is 

reduced to 1903 to 1987.  The DOLS estimates of (θ0, θy, θR) reported in Table 26 are obtained by 

estimating equation (12) by OLS. 

 

Table 26: DOLS estimation results for the long-run money-demand equation 
 

Dependent Variable: RM   

Method: Least Squares   

Sample (adjusted): 1903 1987   

Included observations: 85 after adjustments  
     

 Coefficient Std. Error t-Statistic Prob.   
     

C -0.742215 0.036233 -20.48460 0.0000 

Y 0.969875 0.015988 60.66122 0.0000 

R -0.101046 0.004531 -22.30306 0.0000 

DY(-2) -0.337450 0.188443 -1.790728 0.0775 
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DY(-1) -0.252845 0.196749 -1.285114 0.2029 

DY -0.368013 0.199381 -1.845774 0.0690 

DY(1) 0.360273 0.197760 1.821769 0.0726 

DY(2) 0.114337 0.195204 0.585729 0.5599 

DR(-2) 0.033551 0.010333 3.247040 0.0018 

DR(-1) 0.041209 0.010301 4.000675 0.0002 

DR 0.057634 0.011230 5.132339 0.0000 

DR(1) -0.024590 0.010311 -2.384829 0.0197 

DR(2) -0.023397 0.009845 -2.376472 0.0201 
     

R-squared 0.981962     Mean dependent var 1.000538 

Adjusted R-squared 0.978955     S.D. dependent var 0.660435 

S.E. of regression 0.095808     Akaike info criterion -1.713043 

Sum squared resid 0.660901     Schwarz criterion -1.339461 

Log likelihood 85.80431     Hannan-Quinn criter. -1.562778 

F-statistic 326.6246     Durbin-Watson stat 0.336581 

Prob(F-statistic) 0.000000    

 

Compare the DOLS results with the ones obtained from the Engle and Granger (1987) two-step 

approach.  Overall, the estimates are very similar: the SOLS coefficients on y and R were 0.942592 and  

-0.082452 respectively.  But given the unreliable standard errors in the earlier SOLS estimation, we were 

unable to make any inference on the individual elements of the cointegrating relations.  The DOLS 

approach does away with this shortcoming.   

We might be tempted to conclude that this appears to be a sensible model.  All the variables 

entering the long-run (cointegrating) relation are significant.  Much more importantly, though, the 

economic content of the cointegrating relationship also makes sense: as such, the coefficient on y is close 

to one and the coefficient on R is negative.  This is exactly as postulated by economic theory. 

You may also want to compare the estimates of the coefficients on y and R (as well as their 

associated standard errors) with those in Table III.A from Stock and Watson (1993).  While the 

coefficient values are the same (0.970 and -0.101 respectively), the associated standard errors are 

different (they are smaller than in Table III.A).  We will return to this point below.  

We will need the residuals from the DOLS equation, so go to to Proc/Make Residual Series…, 

select Ordinary and provide a meaningful series name (such as resid_dols).  This saves the equation 

residuals as an EViews series named resid_dols.  Note that this residual series will not be the same 

as the cointegration residual or the disequilibrium error.  Instead, the cointegration residuals from your 

final long-run cointegration equation will need to be created using the estimated coefficients.  This cannot 

be done within the current window.  Rather, either go to the command window and type: 

 
 series ecm_dols = rm – c(1) – c(2)*y – c(3)*r 

 

and press Return or activate the workfile window, click on Genr in the workfile window and type: 

 
 ecm_dols = rm – c(1) – c(2)*y – c(3)*R 

 

in the new Generate Series by Equation window and press OK. 

In both cases, c(1), c(2) and c(3) will be the values of the first three coefficients of the last 

estimated regression (θ0, θy, θR), which in this case equals the cointegration equation estimated by DOLS.   

In the second step, you again test for cointegration using a residual-based cointegration test.  When 

using an ADF unit root test, recall that the critical values for the unit root test supplied by EViews cannot 

be used in a cointegration test.  Instead, we have to use critical values from MacKinnon (1991, p. 275, 
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Table 1).  In this case, we again have three regressors (rm, y, r) with 88 observations, so we can use the 

earlier response surface to calculate critical values, which are C(1 per cent, 88) = -4.46079, C(5 per cent, 

88) = -3.83954 and C(10 per cent, 88) = -3.52308.
18

 

After testing down, the (final) ADF(1) unit root test result is shown in Table 27.  

 

Table 27: Augmented Dickey-Fuller unit root test on the level of ecm_dols 
 

Null Hypothesis: ECM_DOLS has a unit root  

Exogenous: None   

Lag Length: 1 (Fixed)   
     

   t-Statistic   Prob.* 
     

Augmented Dickey-Fuller test statistic -5.524491  0.0000 

Test critical values: 1% level  -2.591505  

 5% level  -1.944530  

 10% level  -1.614341  
     

*MacKinnon (1996) one-sided p-values.  

     

Augmented Dickey-Fuller Test Equation  

Dependent Variable: D(ECM_DOLS)  

Method: Least Squares   

Sample (adjusted): 1902 1989   

Included observations: 88 after adjustments  
     

 Coefficient Std. Error t-Statistic Prob.   
     
     

ECM_DOLS(-1) -0.464533 0.084086 -5.524491 0.0000 

D(ECM_DOLS(-1)) 0.347052 0.101225 3.428508 0.0009 
     

R-squared 0.271557     Mean dependent var -0.000215 

Adjusted R-squared 0.263086     S.D. dependent var 0.117310 

S.E. of regression 0.100703     Akaike info criterion -1.730818 

Sum squared resid 0.872134     Schwarz criterion -1.674515 

Log likelihood 78.15598     Hannan-Quinn criter. -1.708135 

Durbin-Watson stat 1.860688    

 

The conclusion we reach is that we can reject the null hypothesis that the error-correction term, 

ecm_dols, has a unit root at the 1 per cent level of significance (why?).  It is therefore stationary, 

meaning that there is (strong) evidence that a cointegration relation exists.  

We noted above that the associated DOLS standard errors on y and R are smaller than in Table 

III.A.  While DOLS estimates of the long-run coefficients (the θi’s) will again be superconsistent, the 

errors, εt, in equation (12) will have to be corrected for heteroskedasticity and serial correlation.  This can 

be done in several ways.  We will first illustrate the (proper) textbook way of doing this, and then 

compare and contrast it with the approach now available in EViews 7 and a very expedient short-cut.  All 

approaches are equally valid, but you should be aware of the fact that hypothesis testing based on the 

different approaches may yield conflicting results (see Section 5 for an illustration). 

                                                 
18

 Note that EViews creates cointegration residuals for the longer sample period from 1902 to 1989, which is why we have 88 

rather than 85 observations.  Test results with only 85 observations (for the sample period from 1903 to 1987) are extremely 

similar.  
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Let us start with the textbook approach, as discussed in, inter alia, Hayashi (2000).  If we rescale 

the usual standard errors of the OLS estimates of the yt and Rt coefficients in equation (12) as: 

 

 rescaled standard error = (λε/s) × usual standard error (13) 

 

where λε is some consistent estimator of the long-run standard deviation of εt and s is the usual OLS 

standard error of regression, then the t-value based on this rescaled standard error is asymptotically 

N(0,1).  We therefore need a consistent estimate of λε, which is easy to obtain.  Consider fitting an AR(p) 

process to the residuals, εt, from the augmented cointegrating regression: 

 

 εt = φ1εt-1 + φ2εt-2 + … + φpεt-p + vt (14) 

 

The long-run variance λε
2
 of εt can be estimated by: 
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where the φj’s (j = 1, 2, … , p) are the estimated AR(p) coefficients and σν
2
 is the sum of squared 

residuals, with vt being the residual from the AR(p) equation (14).  

To calculate appropriate standard errors, the long-run variance of the error term εt needs to be 

estimated.  As outlined above, we can do this by fitting an autoregressive process to the DOLS residuals.  

Following Stock and Watson (1993) again, the order of this autoregression is (arbitrarily?) set to two.  

Given that the DOLS residuals are calculated over the period from 1903 to 1987, the sample period for 

the AR(2) estimation of the residuals will be 1905 to 1987 (with a total of 83 observations).  The 

estimated autoregression is reported in Table 28. 

 

Table 28: Estimation results of AR(2) model for resid_dols 
 

Dependent Variable: RESID_DOLS  

Method: Least Squares   

Sample (adjusted): 1905 1987   

Included observations: 83 after adjustments  

Convergence achieved after 3 iterations  
     

 Coefficient Std. Error t-Statistic Prob.   
     

AR(1) 0.938064 0.110778 8.467982 0.0000 

AR(2) -0.133406 0.110147 -1.211164 0.2294 
     

R-squared 0.693035     Mean dependent var -0.001998 

Adjusted R-squared 0.689246     S.D. dependent var 0.088788 

S.E. of regression 0.049495     Akaike info criterion -3.150092 

Sum squared resid 0.198429     Schwarz criterion -3.091807 

Log likelihood 132.7288     Hannan-Quinn criter. -3.126677 

Durbin-Watson stat 1.897561    
     

Inverted AR Roots       .76           .17  
     

 

such that: 
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 εt = 0.938064 εt-1 – 0.133406 εt-2        SSR = 0.198429 

 

We then use the formula given in equation (15).  Note, however, that to replicate the DOLS 

estimates by Stock and Watson (1993), we have to divide the sum of squared residuals (SSR) by T – p – 

K rather than T – p to calculate σv
2
, where K is the number of regressors in the augmented cointegrated 

regression.  Equation (12) contains a total of 13 regressors, so K = 13.  We find that σv
2
 = 0.198429/(83 – 

2 – 13) = 0.002918, which means that: 

 

 0764720
133406093806401

0029180
2

2 .
)..(

.



  (16) 

 

The estimate of λε will be the square root of formula (16), which is equal to 0.276536.  Since the 

standard error of the DOLS regression is 0.095808, the factor in the formula (13) for re-scaling the usual 

OLS standard errors from the augmented cointegrating regression is 0.276536/0.095808 = 2.886359.  

Table 29 replicates part of the DOLS estimation results in Table 26, but shows the estimated 

coefficients with adjusted standard errors, adjusted t-statistics and adjusted probability values.
19

  

 

Table 29: Adjusted DOLS estimation results for the long-run money-demand equation 
 

Dependent Variable: RM   

Method: Least Squares   

Sample (adjusted): 1903 1987   

Included observations: 85 after adjustments  
     

 Coefficient Std. Error t-Statistic Prob.   
     

C -0.742215 0.104581 -7.097040 0.0000 

Y 0.969875 0.046148 21.01652 0.0000 

R -0.101046 0.013077 -7.727060 0.0000 

 

We can see that the re-scaled standard error on y, say, equal to 0.046148, is equal to the ‘old’ 

standard error of 0.015988 times the scaling factor of 2.886359 (0.015988 × 2.886359 = 0.046148).  The 

t-statistics and probability values will adjust accordingly.  These are the DOLS results for coefficient 

estimates and standard errors that appear in Table III.A of Stock and Watson (1993).  The adjusted 

standard error on y reveals that the estimated income elasticity is not significantly different from unity.   

If the textbook procedure for adjusting standard errors appears cumbersome to you, Zivot and Wang 

(2006) have suggested estimating the DOLS equation with the option of heteroskedasticity and 

autocorrelation consistent (HAC) errors.  This approach takes account of the fact that if y1t is cointegrated 

with the variables in Y2t, then the DOLS estimator is efficient in large samples.  Moreover, statistical 

inference about the elements of equation (12) based on HAC standard errors is valid.  For example, the t-

statistics constructed using the DOLS estimator with HAC standard errors have a standard normal 

distribution in large samples.  Note that the use of HAC standard errors in the DOLS equation differs 

from the (far more elaborate) textbook adjustment for heteroskedasticity and autocorrelation we have just 

employed.  

In EViews, the Zivot and Wang (2006) suggestion can be achieved by selecting the option of 

Newey and West standard errors to get corrected t-statistics.  To use the Newey-West method, click on 

the Options tab after you have entered the regression equation, select HAC (Newey-West) from the 

Coefficient covariance matrix drop-down menu and click on the HAC options button.  We can retain 

                                                 
19

 The adjustment is done in Excel.  
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EView’s default options, which are no pre-whitening (set the Lag specification under Whitening 

options to None), Bartlett as the Kernel and Newey-West Fixed as the Bandwidth method.  This is not 

the (long-run) variance estimator described in the literature, but it is acknowledged to be a valid 

procedure nonetheless.  Results are given in Table 30.  

 

Table 30: DOLS estimation results for the long-run money-demand equation  

with robust standard errors 
 

Dependent Variable: RM   

Method: Least Squares   

Sample (adjusted): 1903 1987   

Included observations: 85 after adjustments  

HAC standard errors & covariance (Bartlett kernel, Newey-West fixed 

        bandwidth = 4.0000)   
     

Variable Coefficient Std. Error t-Statistic Prob.   
     

C -0.742215 0.064731 -11.46611 0.0000 

Y 0.969875 0.024880 38.98183 0.0000 

R -0.101046 0.009679 -10.44001 0.0000 

DY(-2) -0.337450 0.226501 -1.489837 0.1406 

DY(-1) -0.252845 0.194027 -1.303140 0.1967 

DY -0.368013 0.180423 -2.039725 0.0450 

DY(1) 0.360273 0.167355 2.152750 0.0347 

DY(2) 0.114337 0.278635 0.410347 0.6828 

DR(-2) 0.033551 0.006850 4.897579 0.0000 

DR(-1) 0.041209 0.008274 4.980674 0.0000 

DR 0.057634 0.011824 4.874190 0.0000 

DR(1) -0.024590 0.007724 -3.183643 0.0021 

DR(2) -0.023397 0.007595 -3.080458 0.0029 
     

R-squared 0.981962     Mean dependent var 1.000538 

Adjusted R-squared 0.978955     S.D. dependent var 0.660435 

S.E. of regression 0.095808     Akaike info criterion -1.713043 

Sum squared resid 0.660901     Schwarz criterion -1.339461 

Log likelihood 85.80431     Hannan-Quinn criter. -1.562778 

F-statistic 326.6246     Durbin-Watson stat 0.336581 

Prob(F-statistic) 0.000000    
     

 

Note that the HAC standard errors in the table above are considerably larger than the standard errors 

in the estimation output of the DOLS equation (12), but still smaller than the properly adjusted standard 

errors according to the textbook method.  As alluded to above, any inference on the elements of the 

cointegrating vector based on HAC-adjusted errors may therefore result in different test outcomes from 

inference based on properly adjusted DOLS standard errors.   

Rather than go through the above procedures, EViews 7 now has the capability of doing DOLS as 

part of its regular estimation.  In order to estimate a cointegration equation, we make use of a new option 

in the equation object.  First, create an equation object by selecting Object/New Object…/Equation or 

Quick/Estimate Equation….  In the Estimation settings box, select the COINTREG – Cointegrating 

Regression option.  To estimate your equation using DOLS, first fill out the equation specification, and 

then select the Dynamic OLS (DOLS) method in the Nonstationary estimation settings.  The 

cointegrating equation is estimated by setting the Lag & lead method field to Fixed, and selecting two 
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Leads and two Lags.
20

  Moreover, we have to make an adjustment to the estimation options, which can 

be found by clicking on the Options tab.  In particular, the Coefficient covariance matrix method will 

be Default (rescaled OLS) and we make sure that the d.f. (degrees-of-freedom) Adjustment box is 

ticked.  As outlined at great length above, the default computation method rescales the OLS coefficient 

covariances using an estimator of the long-run variance of DOLS residuals.  In computing the covariance 

matrix, Stock and Watson (1993) compute the long-run variance of the residuals using an AR(2) 

whitening regression with a degrees-of-freedom correction.
21

  To match Stock and Watson’s calculations, 

we click on the HAC Options button to display the Long-run Variance Options.  In order to replicate 

the earlier results, we need to adjust both the Whitening options and the Kernel options.  Select a Fixed 

lag specification of 2 for the former and choose the None kernel for the latter.  Click on OK to accept the 

HAC settings and then on OK again to estimate the equation.  

The output from this equation is shown in Table 31, which is (almost) identical to the one given in 

Table 26 above. 

 

Table 31: DOLS estimation results for the long-run money-demand equation 
 

Dependent Variable: RM   

Method: Dynamic Least Squares (DOLS)  

Sample: 1903 1987   

Included observations: 85   

Cointegrating equation deterministics: C   

Fixed leads and lags specification (lead=2, lag=2) 

Long-run variance estimate (Prewhitening with lags = 2, None kernel) 
     

Variable Coefficient Std. Error t-Statistic Prob.   
     

Y 0.969875 0.045385 21.36989 0.0000 

R -0.101046 0.012861 -7.856979 0.0000 

C -0.742215 0.102852 -7.216367 0.0000 
     

R-squared 0.981962     Mean dependent var 1.000538 

Adjusted R-squared 0.978955     S.D. dependent var 0.660435 

S.E. of regression 0.095808     Sum squared resid 0.660901 

Durbin-Watson stat 0.336581     Long-run variance 0.073964 
     

 

We should spend a minute or two discussing the estimation output, most of which is pretty 

standard.  But note that EViews does not display the results for the (two) lags and leads of the differenced 

cointegrating regressors.
22

  The reason for this is that we cannot perform inference on these short-term 

dynamic nuisance parameters.  The DOLS re-scaling outlined above is applicable only to the coefficients 

on the I(1) regressors, so the t-statistics of both θ0 and the ψ’s in equation (12), even when their standard 

errors are re-scaled as described, need not necessarily be N(0,1) in large samples. 

In addition, the estimated cointegrating vector for rm, y and r of (1, 0.9699, -0.1010) differs 

qualitatively from the earlier Engle and Granger two-step result.  Once you have estimated your equation 

using DOLS, you may use the various cointegration regression equation views and procedures.  Let us 

focus on a simple Wald test on the income coefficient.  In particular, we would like to test for income 

                                                 
20

 We do this because we want to replicate the approach in Stock and Watson (1993), who use two lags and leads.  You may, 

of course, specify a different number of lags or leads or you may decide to use the information criteria to automatically select 

the lag and lead orders for you.  
21

 The DOLS options, namely two leads and lags of the first differences and an AR(2) process for the error, are referenced in 

the notes to Table III.A in Stock and Watson (1993, p. 803). 
22

 While EViews does not display the coefficients for the short-run dynamics, they are still used in both constructing the 

measures of fit in the bottom part of the estimation results and in computing the residuals used by various equations views and 

procedures, such as the residual plot.   
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homogeneity, i.e., whether the coefficient on y (c(1)) is equal to one.  Select View/Coefficient 

Diagnostics/Wald Test – Coefficient Restrictions… and enter c(1) = 1 in the dialog box.   

 

Table 32: Wald test for income homogeneity 
 

Wald Test:   

Equation: Untitled  
    

Test Statistic Value df Probability 
    

t-statistic -0.663764  72  0.5090 

F-statistic  0.440582 (1, 72)  0.5090 

Chi-square  0.440582  1  0.5068 
    
    

Null Hypothesis: C(1)=1  

Null Hypothesis Summary:  
    

Normalized Restriction (= 0) Value Std. Err. 
    

-1 + C(1) -0.030125  0.045385 
    

Restrictions are linear in coefficients. 

 

A Wald test of the restriction that the cointegrating vector is (1, 1, *) yields a t-statistic of  

-0.6638 (p-value: 0.5090), meaning that we cannot reject the null hypothesis of income homogeneity.  

 

5.5 Phillips and Hansen (1990): the fully-modified OLS method 

 

The final (univariate) model for cointegration in this exercise is the fully-modified OLS (FMOLS) 

method due to Phillips and Hansen (1990), which applies a semi-parametric correction.  Just as with 

DOLS, the main improvement of the FMOLS method over the Engle and Granger two-step methodology 

is that it takes into account the possible endogeneity of the regressors, i.e., the right-hand side variables.  

The FMOLS estimator is efficient and the associated test statistics (such as the t- and Wald statistics) 

have conventional asymptotic distributions. 

In order to estimate your equation using FMOLS, select Fully-modified OLS (FMOLS) in the 

Nonstationary estimation settings box.  The main dialog and options page will change to show the 

available settings.  

We wish to replicate the FMOLS estimation results in Stock and Watson (1993), which they label 

PHFM in Table III.A.  As such we wish to estimate a model that includes an intercept in the cointegrating 

equation, has no additional deterministic variables in the regressors equation and estimates the regressors 

equation using differenced data.  By default, EViews will estimate the long-run variance estimators using 

a (non-prewhitened) kernel approach with a Bartlett kernel and Newey-West fixed bandwidth.  To change 

the whitening or kernel setting, click on the Long-run variance calculation: Options button and enter 

your changes in the next dialog box.  In order to replicate the results in Stock and Watson (1993), we set 

the Lag specification under the Whitening options to None, and specify the kernel to be Bartlett with a 

User-specified bandwidth value of 5.
23

  The FMOLS estimates for this specification over the period from 

1903 to 1987 are given in Table 33. 

 

 

 

                                                 
23

 The PHFM options, namely a Bartlett kernel with 5 lags, are referenced in the notes to Table III.A in Stock and Watson 

(1993, p. 803). 
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Table 33: FMOLS estimation results for the long-run money-demand equation 
 

Dependent Variable: RM   

Method: Fully Modified Least Squares (FMOLS)  

Sample: 1903 1987   

Included observations: 85   

Cointegrating equation deterministics: C   

Long-run covariance estimate (Bartlett kernel, User bandwidth = 5.0000) 
     

Variable Coefficient Std. Error t-Statistic Prob.   
     

Y 0.963047 0.034975 27.53568 0.0000 

R -0.096685 0.009023 -10.71543 0.0000 

C -0.755454 0.076080 -9.929699 0.0000 
     

R-squared 0.955671     Mean dependent var 1.000538 

Adjusted R-squared 0.954590     S.D. dependent var 0.660435 

S.E. of regression 0.140736     Sum squared resid 1.624145 

Durbin-Watson stat 0.669420     Long-run variance 0.047930 
     

 

The top portion of the results describe the settings used in estimation, in particular the specification 

of the deterministic regressors used in the cointegrating equation and the kernel non-parametric method 

used to compute the long-run variance estimators.   

The estimated coefficients are presented in the middle of the output.  Of central importance are the 

coefficients on y and R, which imply that the estimated cointegrating vector for rm, y and R is (1, 0.9630, 

-0.0967).  Again, once you have estimated your equation using FMOLS, you may use the various 

cointegration regression equation views and procedures.  Just as before, we would like to test for income 

homogeneity, i.e., whether the coefficient on y (c(1)) is equal to one.  A Wald test of the restriction that 

the cointegrating vector is (1, 1, *) yields a t-statistic of -1.0566 (p-value: 0.2938), meaning that we 

cannot reject the null hypothesis of income homogeneity.   

The summary statistics portion of the output is fairly familiar, but does require a bit of comment.  

First, all of the descriptive and measures-of-fit statistics are computed using the original data, not the 

FMOLS-transformed data.  Thus, while the measures of fit and the Durbin-Watson statistic may be of 

casual interest, we should exercise extreme caution in using these measures.  Note that EViews presents 

the standard error, t-statistic and p-value for the constant even though they are not, strictly speaking, 

valid.  

 

5.6 The autoregressive distributed lag approach to cointegration* 

 

Previous sub-sections tried to identify and assess a long-run – or cointegration – relation between 

real money balances ((m – p)t or rm), net national product (yt or y) as the scale variable and a short-term 

interest rate (Rt or r) representing the opportunity cost of money.  This analysis was predicated in Section 

3 on establishing the order of integration of the underlying variables.  As such, we found that all the 

variables that enter the long-run relationship were I(1), i.e., they contained a unit root.  Moreover, all of 

the methods for estimating and testing for cointegration discussed so far concentrate on cases in which the 

underlying variables are integrated or order one or contain one unit root.   

But ascertaining the order of integration before estimation and testing for cointegration inevitably 

involves a certain degree of pre-testing, which introduces a further amount of uncertainty and pre-test 

specification error into the analysis of the level relationship.  In addition, for many emerging and 

developing countries, establishing the order of integration can be difficult, in the sense that short spans of 

data make reliable inference based on unit-root tests tricky. 
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It would therefore be advantageous to have a means of establishing both whether a long-run or 

cointegration relation existed and, if so, what the estimated coefficients of that relation were without 

having to rely on the results of unit-root tests that have low power and may not be very informative for 

short time-series data.  

This sub-section illustrates an approach to cointegration testing due to Pesaran et al. (2001) (itself 

based on Pesaran and Shin (1999)), generally referred to as the autoregressive distributed lag (ARDL) 

approach to cointegration.
24

 

The main advantage of the ARDL approach to estimation of, and testing for, cointegration lies in 

the fact that it can be applied irrespectively of whether the regressors in the long-run or cointegrating 

relationship are I(0) or I(1).  In other words, it will be unnecessary to test for the order of integration of 

the underlying regressors prior to testing for the existence of a long-run level or cointegration 

relationship.  The ARDL procedure therefore allows us to avoid the pre-testing problems associated with 

the standard cointegration analysis, which requires us to classify the model variables into I(1) and I(0) 

processes on the basis of unit root tests.  Instead, the tests for a long-run relationship are based on 

standard F- and t-statistics from testing the significance of the lagged levels of the variables in a 

univariate equilibrium-correction mechanism.  On the other hand, as we will see, this is a bounds testing 

strategy, which means that the results are clear-cut only if the test statistic falls outside the critical value 

bounds.  If this should not be the case, we will still have to test for stationarity (or otherwise) of the 

variables.  It should also be mentioned that the ARDL approach to cointegration is inappropriate in 

situations where there may be more than one level relationship involving the dependent variable.  

The autoregressive distributed lag (ARDL) model with zt as the dependent variable and k 

explanatory variables, xit, i = 1, 2, ... , k, takes the general form: 

 

 



k

i

ttitiit uwxpLzpL
1

),(),(   (17) 

 

where: 

 

 ϕ(L,3) = 1 – ϕ1L – ϕ2L
2
 – … - ϕpL

p
 (18) 

 

 i

i

p

ipiiiii LLLpL   2

210),(  for i = 1, 2, ... , k (19) 

 

and L is the lag operator, with Lyt = yt-1, and wt is a (s × 1) vector of s deterministic variables such as the 

intercept term, seasonal dummies, time trends and/or exogenous variables with fixed lags.  In the case of 

our long-run money-demand equation, k = 2, zt = (m – p)t, xt = (yt′, Rt′)′, such that x1t = yt and x2t = Rt, and 

wt = 1 (the intercept term).  

The ARDL approach to cointegration is composed of two stages.   

 

 in the first stage, the existence of the long-run (cointegrating) relationship between the 

variables under investigation is tested; leading to  

 the second stage, which is the estimation of the coefficients of the long-run relation and 

subsequent inference about their values using the ARDL specification 

 

We start off by estimating the ARDL(p,p1,p2,...,pk) model (17) by OLS.  Be aware of the fact that 

even in the case of ARDL models with a small number of regressors (say, k = 2), the potential number of 

                                                 
24

 As we will see, this approach can be done in EViews, even though EViews is not the most obvious way of carrying out the 

testing approach.  
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ARDL models to be estimated can be quite substantial.  With possible values for p = 0, 1, 2, ... , m; pi = 0, 

1, 2, ... , m and i = 1, 2, ... , k; there is a total of (m + 1)
(k+1)

 different ARDL models to be considered.  In 

addition, the same sample period will need to be adjusted for the maximum lag, m, in order to ensure that 

all models are estimated over a common sample period.  

As an example, suppose you wish to specify the following ARDL model for the long-run money 

demand equation: 

 

 ϕ(L,p)(m – p)t = μ + β1(L,p1)yt + β2(L,p2)Rt + ut (20) 

 

where ϕ(L,p) and βi(L,pi) (i = 1, 2) are polynomial lag operators of the maximum order equal to m.  

Furthermore, we assume that p = 3, p1 = 3 and p2 = 3, giving rise to an initial ARDL(3,3,3) model for the 

long-run money demand equation with (m – p)t (rm), as the dependent variable: 

 

 ϕ(L,3) = 1 – ϕ1L – ϕ2L
2
 – ϕ3L

3
 (21) 

 

 β1(L,3) = β10 + β11L + β12L
2
 + β13L

3
 (22) 

 

 β2(L,3) = β20 + β21L + β22L
2
 + β23L

3
 (23) 

 

The estimation period will be 1903 to 1987 and the maximum lag order, m, is three.  If required, the 

ARDL is entered in EViews just like any other regression model, i.e., the dependent variable followed by 

deterministic regressors such as the intercept term, time trend and exogenous regressors with fixed lags 

plus the contemporaneous values as well as all three lags of the other variables to be included in the 

ARDL: 

 
rm c rm(-1 to -3) y(0 to -3) r(0 to -3) 

 

This is then followed by a manipulation of the model given by equation (17) into its error-

correction form.  As demonstrated in Hendry (2008), the ARDL model can be easily cast in form of an 

equilibrium- or error-correction model, so there is always an error-correction model that corresponds to 

the selected ARDL model.  The (unrestricted) error-correction form of the ARDL in equation (17) in the 

variables (m – p)t, yt and Rt is given by: 
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The error-correction form of the ARDL (24) nests the stipulated long-run model (m – p)t = θ0 + θyyt 

+ θrrt + εt in the second line.  The first stage involves testing for the existence of the long-run 

(cointegrating) relationship between the variables under investigation.  The main approach taken here is 

to test for the absence of a level relationship between (m – p)t, yt and Rt via the exclusion of the lagged 

level variables (m – p)t-1, yt-1 and Rt-1 in equation (24).  The hypothesis we are interested in testing is 

therefore the null hypothesis that there does not exist a long-run relationship.  This can be evaluated by 

computing the Wald or F-statistic for testing the significance of the lagged levels of the variables in the 

error-correction form of the underlying ARDL model.  In particular, the absence of a level (long-run 

equilibrium or cointegrating) relationship would be equivalent to the null hypothesis: 

 

H0: δ1 = δ2 = δ3 = 0 
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against the alternative hypothesis: 

 

H1: δ1 ≠ 0     δ2 ≠ 0     δ3 ≠ 0 

 

The relevant statistic will be the F-statistic for the joint significance of δ1, δ2 and δ3.  Note that 

EViews will also produce a chi-squared version of the test statistic, which is the Wald equivalent of the 

test statistic.
25

  For the time being, the question of whether the current values of Δyt and ΔRt ought to be 

included in equation (24), i.e., whether i = 0, 1, 2, 3 or i = 1, 2, 3 for those two variables, is contentious 

and difficult to ascertain a priori, but can be reconsidered once we have established whether there exists a 

long-run relationship between (m – p)t, yt and Rt or not.   

But, as shown in Pesaran et al. (2001), the (asymptotic) distributions of the Wald and F-statistics 

are non-standard, and the authors tabulate the appropriate (asymptotic) critical values for different 

numbers of regressors (k) and whether the long-run relationship includes a constant, a time trend or 

both.
26

  These critical values were extended to small samples, defined to lie between T = 30 and T = 80, 

by Narayan (2005).  

The ARDL approach to cointegration is based on two sets of (asymptotic) critical values, which 

cover two extreme cases.  The first set of critical values assumes that all variables in the model are I(0), 

while the other assumes that all variables are I(1).  These two sets of critical values provide critical value 

bounds covering all the possible classifications of the variables into I(1) or I(0) variables.  If the 

computed Wald or F-statistic falls outside this band, we can draw a conclusive decision without actually 

needing to know whether the underlying variables are I(1) or I(0).  In particular, if the computed F-

statistic is higher than the upper bound of the critical value bounds, then the null hypothesis of no 

cointegration is rejected, i.e., a long-run relationship does exist.  If the computed F-statistic falls below 

the lower bound of the critical value bounds, the null hypothesis that the level variables do not enter 

significantly into the long-run equation, i.e., no cointegration, cannot be rejected.   

This ‘nice’ result comes at a cost, though.  If the computed test statistic falls within the critical 

value bounds, the result of the testing procedure is inconclusive and will depend on whether the 

underlying variables are in fact I(1) or I(0).  The upshot of the latter is that we may have to carry out unit 

root tests on the variables in the model after all.   

Given that the F-test has been found to be sensitive to the number of lags imposed on each first-

differenced variable, Table 34 presents test results for lag orders going from 1 to 3. 

 

Table 34: Wald F-tests of exclusion restrictions 
 

 F-statistic 

Lag order 1 2 3 

Dependent variable:    

Δ(m – p)t  1.06  1.25  0.32 

Δyt  0.64  0.60  0.82 

ΔRt  5.00  2.47  3.58 

 

In order to draw inferences from the above table, we need to compare the calculated F-statistics 

with the critical value bounds.  Critical (asymptotic) values for Case III (unrestricted intercept and no 

trend) in Pesaran et al. (2001) for T = 1,000 and k = 2 regressors are [3.17 – 4.14] at the 10 per cent level, 

                                                 
25

 It has been found that the chi-squared (or Wald) distribution can be severely size-distorted in small and even moderate 

samples.  The corresponding F-statistic is therefore recommended instead.  When using the Wald version of the bounds tests, 

the critical values are given by (k + 1) times the critical values of the F-test in Cases I, III, and V, and (k + 2) times in Cases II 

and IV in Pesaran et al. (2001, Table CI, pages 300-1). 
26

 This result applies regardless of whether the regressors are I(0) or I(1). 
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[3.79 – 4.85] at the 5 per cent level and [5.15 – 6.36] at the 1 per cent level.  Narayan (2005) provides 

small-sample critical value bounds for sample sizes ranging from T = 30 to T = 80.  For Case III, T = 80 

and k = 2, these are [3.26 – 4.25] at the 10 per cent level, [3.94 – 5.04] at the 5 per cent level and [5.41 – 

6.78] at the 1 per cent level.  

But where do the entries in the table come from.  Let us try and calculate the values in the second 

column of the table, i.e., for the models with two lags.  Estimating the error-correction version of the 

ARDL(2,2,2) with drm as the dependent variable should yield the results in Table 35. 

 

Table 35: ARDL(2,2,2) estimation results of the long-run money demand equation 
 

Dependent Variable: DRM   

Method: Least Squares   

Sample: 1903 1987   

Included observations: 85   
     

Variable Coefficient Std. Error t-Statistic Prob.   
     

C -0.014345 0.046323 -0.309679 0.7577 

DRM(-1) 0.215698 0.124569 1.731553 0.0875 

DRM(-2) -0.033638 0.126757 -0.265373 0.7915 

DY(-1) 0.040130 0.110377 0.363574 0.7172 

DY(-2) -0.072653 0.109279 -0.664840 0.5082 

DR(-1) -0.004111 0.005804 -0.708225 0.4810 

DR(-2) 0.003750 0.006068 0.617981 0.5385 

RM(-1) -0.076260 0.055075 -1.384658 0.1703 

Y(-1) 0.065296 0.053699 1.215979 0.2278 

R(-1) -0.008403 0.005633 -1.491671 0.1400 
     

R-squared 0.162087     Mean dependent var 0.023739 

Adjusted R-squared 0.061538     S.D. dependent var 0.054005 

S.E. of regression 0.052317     Akaike info criterion -2.952870 

Sum squared resid 0.205278     Schwarz criterion -2.665500 

Log likelihood 135.4970     Hannan-Quinn criter. -2.837282 

F-statistic 1.612014     Durbin-Watson stat 1.927683 

Prob(F-statistic) 0.127184    
     

 

The F-statistic for this model is obtained by going to View/Coefficient Diagnostics/Wald Test – 

Coefficient Restrictions... and testing for the joint significance of c(8), c(9) and c(10): 

 

 
 

The output from the Wald F-test is given in Table 36 (only the top portion of the testing output is 

shown). 
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Table 36: Wald F-test of exclusion restrictions on rm(-1), y(-1) and r(-1) 
 

Wald Test:   

Equation: ARDL_ECM222DRM  
    

Test Statistic Value df Probability 
    

F-statistic  1.249862 (3, 75)  0.2978 

Chi-square  3.749586  3  0.2898 
    

 

With Δ(m – p)t as the dependent variable and yt and Rt as the independent variables, the calculated 

F-statistic, denoted F(rm|y,R), and equal to 1.25 falls below the lower bound of the critical value bounds 

at lag length 2, suggesting that the null hypothesis of no cointegration cannot be rejected (irrespective of 

their individual order of integration of the underlying variables).  

Having rejected the existence of a long-run level relationship with Δ(m – p)t as the left-hand side 

variable, we now have to consider the significance of the lagged level variables in the error-correction 

models explaining Δyt and ΔRt.  We re-estimate the model with two lags, making sure to change drm 

(dy) in the regression equation we have just estimated to dy (drm).  Then follow the same steps as 

above to calculate the F-statistic for the joint significance of y(-1), R(-1) and rm(-1) in this new 

regression.  We should get an F(y|rm,R)-statistic of 0.60.  Similarly, when we do the testing procedure 

with dR as the dependent variable, the F(R|rm,y)-statistic is given by 2.47.  Both of these statistics fall 

below the lower bound of the critical value bounds.  As a result, we cannot reject the null hypothesis that 

the level variables do not enter significantly into the equations for dy and dR.
27

  

Eight of the nine computed F-statistics fall well below the lower bound of the critical value bounds, 

meaning that the null hypothesis that the level variables do not enter significantly into the equations for 

either drm, dy or dR cannot be rejected.  The one exception occurs for the model with one lag and ΔRt as 

the left-hand side variable, for which the value of the F(R|rm,y) statistic falls inside the critical value 

bounds, making inference inconclusive.  

Disappointingly, but perhaps not surprisingly in light of the results from univariate cointegration 

tests earlier in this exercise, we find no evidence for the existence of a long-run, or cointegration, 

relationship among the three variables.  In other words, none of the tests allow us to reject the null 

hypothesis of no long-run relationship.  This outcome holds regardless of which variable we put on the 

left-hand side of the cointegration relation.  Ideally, we would expect to reject the null hypothesis for one 

of the variables (in our case, rm) and be unable to reject the null hypothesis for the other variables in the 

equation (i.e., y and R).  In other words, we would expect to find at least one statistically significant long-

run relationship, with one variable becoming the dependent variable (rm) and the other variables (y, R) as 

the (weakly) exogenous regressors in the cointegration relation.
28

  

In theory, at least, we should by now have verified the existence of a log-run or cointegration 

relation.  Having established the existence of such a long-run relation, the obvious next step is to estimate 

it.  In other words, when the results of the F-statistics in the first step provide supporting evidence for the 

existence of cointegration between the variables, we can move to the second stage of the ARDL 

approach.  Note that this is not the case in the present analysis, so the rest of this sub-section is for 

illustrative purposes only.  In the second stage the user will have to estimate the long-run coefficients 

                                                 
27

 This conclusion will again hold irrespective of whether the underlying variables are I(0) or I(1).  
28

 Once we have unequivocally established what the left-hand side variable and what the right-hand side variables in the long-

run relation are, we can include the current values of Δxit, i = 1, 2, ... , k, in equation (24) and start the summation from 0 rather 

than 1. 
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and select one of the (m + 1)
(k+1)

 estimated ARDL error-correction models.
29

  This can be done on the 

basis of one (or more) of the following four model selection criteria: 

 

 the adjusted R
2
; 

 the Akaike information criterion; 

 the Schwarz Bayesian criterion; or 

 the Hannan-Quinn criterion 

 

With k = 2 variables and a maximum lag order of m = 2, we have a possible total of (m + 1)
(k+1)

 =  

(2 + 1)
(2+1)

 = 3
3
 = 27 ARDL error-correction models to estimate.  The different models and their 

associated adjusted R
2
’s, Akaike information criteria (AIC), Schwarz Bayesian criteria (SBC) and 

Hannan-Quinn criteria are given in the table below. 

 

Table 37: Different ARDL(p,p1,p2) models and associated model-selection criteria 
 

Model p p1 p2 Adjusted R
2
 AIC SBC HQ 

1 0 0 0 0.958 -1.126 -1.040 -1.092 

2 0 0 1 0.962 -1.216 -1.101 -1.169 

3 0 0 2 0.969 -1.421 -1.277 -1.363 

4 0 1 0 0.959 -1.136 -1.021 -1.090 

5 0 1 1 0.965 -1.285 -1.141 -1.227 

6 0 1 2 0.970 -1.442 -1.269 -1.373 

7 0 2 0 0.958 -1.114 -0.970 -1.056 

8 0 2 1 0.965 -1.277 -1.104 -1.207 

9 0 2 2 0.972 -1.506 -1.304 -1.425 

10 1 0 0 0.995 -3.245 -3.131 -3.199 

11 1 0 1 0.995 -3.222 -3.078 -3.164 

12 1 0 2 0.995 -3.200 -3.027 -3.130 

13 1 1 0 0.995 -3.257 -3.113 -3.199 

14 1 1 1 0.995 -3.243 -3.071 -3.174 

15 1 1 2 0.995 -3.223 -3.021 -3.142 

16 1 2 0 0.995 -3.234 -3.061 -3.164 

17 1 2 1 0.995 -3.220 -3.019 -3.139 

18 1 2 2 0.995 -3.199 -2.969 -3.107 

19 2 0 0 0.995 -3.262 -3.118 -3.204 

20 2 0 1 0.995 -3.244 -3.071 -3.174 

21 2 0 2 0.995 -3.224 -3.023 -3.143 

22 2 1 0 0.995 -3.254 -3.082 -3.185 

23 2 1 1 0.995 -3.246 -3.045 -3.165 

24 2 1 2 0.995 -3.228 -2.998 -3.135 

25 2 2 0 0.995 -3.232 -3.031 -3.151 

26 2 2 1 0.995 -3.223 -2.993 -3.130 

27 2 2 2 0.995 -3.207 -2.948 -3.103 

                                                 
29

 We will obviously only want to move to the second stage if we are satisfied that the postulated long-run relationship we 

want to estimate is not in fact spurious.  
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The models that maximise the adjusted R
2
 and minimise the respective information criteria are 

given in boldface.  The specification based on the adjusted R
2
 is the ARDL(2,1,1), the specification based 

on the AIC and HQ is the ARDL(2,0,0) and the specification based on the SBC is the ARDL(1,0,0).  As 

is customary in such cases, the different information criteria yield different results (with the AIC 

generally picking higher-order ARDL models).   

The procedure to derive the (restricted) error-correction model associated with the (unrestricted) 

ARDL(2,0,0) model given by: 

 

 (m – p)t = μ + ϕ1(m – p)t-1 + ϕ2(m – p)t-2 + β10yt + β20Rt + ut (25) 

 

is illustrated in Pesaran and Pesaran (2009, Section 21.19), who show that the ARDL(p,p1,p2,...,pk) model 

given by (17) can be written in error-correction form as: 
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where ecmt-1 is the error-correction term defined by: 
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The coefficients ϕj* and βij* in equation (26) relate to the short-term dynamics of the model’s 

convergence to equilibrium and are linear sums of the coefficients of the unrestricted model: 
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This means that for the restricted ARDL(2,0,0) error-correction model involving Δzt = Δ(m – p)t. 

Δx1t = Δyt and Δx2t = ΔRt, we have: 
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The estimates of the long-run coefficients based on these three models are given in Table 38 

(standard errors in parentheses).  These are also the estimates of the respective error-correction 

mechanisms or models. 

 

Table 38: ARDL(2,1,1), ARDL(2,0,0) and ARDL(1,0,0) estimates  

of long-run coefficients in the money-demand equation 

 
Long-run coefficients ARDL(2,1,1) ARDL(2,0,0) ARDL(1,0,0) 

Intercept  -0.500 

 (0.168) 

 -0.537 

 (0.129) 

 -0.492 

 (0.128) 

y  0.924 

 (0.063) 

 0.938 

 (0.050) 

 0.935 

 (0.048) 

R  -0.110 

 (0.019) 

 -0.109 

 (0.015) 

 -0.113 

 (0.015) 

 

Let us again illustrate the construction of these coefficient estimates by using the ARDL(2,0,0) 

model.  The long-run estimates for the restricted error-correction ARDL(2,0,0) model are obtained by 

first estimating the unrestricted ARDL(2,0,0) model.  The results for this estimation in EViews are given 

in Table 39.  

 

Table 39: ARDL(2,0,0) estimation results of the long-run money demand equation 
 

Dependent Variable: RM   

Method: Least Squares   

Sample: 1903 1987   

Included observations: 85   
     

Variable Coefficient Std. Error t-Statistic Prob.   
     

C -0.079765 0.032260 -2.472594 0.0155 

RM(-1) 1.027232 0.106436 9.651185 0.0000 

RM(-2) -0.175768 0.097343 -1.805661 0.0747 

Y 0.139350 0.032857 4.241139 0.0001 

R -0.016243 0.003290 -4.936938 0.0000 
     

R-squared 0.995373     Mean dependent var 1.000538 

Adjusted R-squared 0.995142     S.D. dependent var 0.660435 

S.E. of regression 0.046033     Akaike info criterion -3.261879 

Sum squared resid 0.169526     Schwarz criterion -3.118194 

Log likelihood 143.6299     Hannan-Quinn criter. -3.204085 

F-statistic 4302.496     Durbin-Watson stat 1.859494 

Prob(F-statistic) 0.000000    
     

 

The restricted long-run coefficient for the response of (m – p)t to a unit change in yt, denoted by θy 

throughout this exercise, is given by: 
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This coefficient will have to be calculated in EViews in a somewhat roundabout way.  In the 

estimated ARDL(2,0,0) regression window, go to View/Coefficient Diagnostics and select Wald Test – 

Coefficient restrictions....  Then enter the test as: 
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c(4)/(1 – c(2) – c(3)) = 0 

 

and press OK.  Disregard the top portion of the output (which presents the test result of the purely 

hypothetical coefficient restriction).  The lower portion of the test output – reproduced in Table 40 – will 

give both the coefficient estimate, equal to 0.938, as well as its standard error (0.050), calculated using 

the delta method.  

 

Table 40: Calculation of the restricted long-run coefficient for  

the response of (m – p)t to a unit change in yt 
 

Wald Test:   

Equation: ARDL200  
    

Test Statistic Value df Probability 
    

t-statistic  18.92677  80  0.0000 

F-statistic  358.2225 (1, 80)  0.0000 

Chi-square  358.2225  1  0.0000 
    
    

Null Hypothesis: C(4)/(1-C(2)-C(3))=0 

Null Hypothesis Summary:  
    

Normalized Restriction (= 0) Value Std. Err. 
    

C(4) / (1 - C(2) - C(3))  0.938158  0.049568 
    

Delta method computed using analytic derivatives. 

 

The calculated long-run coefficient for Rt, denoted θR throughout this exercise, is (only the relevant 

bottom part of the table is shown below):  

 

Table 41: Calculation of the restricted long-run coefficient for  

the response of Rt to a unit change in yt 
 

Null Hypothesis: C(5)/(1 - C(2) - C(3))=0 

Null Hypothesis Summary:  
    

Normalized Restriction (= 0) Value Std. Err. 
    

C(5) / (1 - C(2) - C(3)) -0.109356  0.014900 
    

Delta method computed using analytic derivatives. 

 

Similarly, the long-run coefficients associated with the deterministic or exogenous variables are 

computed as: 
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such that the intercept of the long-run relationship is given by: 
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Table 42: Calculation of the restricted long-run coefficient for  

the response of the intercept to a unit change in yt 
 

Null Hypothesis: C(1)/(1-C(2)-C(3))=0 

Null Hypothesis Summary:  
    

Normalized Restriction (= 0) Value Std. Err. 
    

C(1) / (1 - C(2) - C(3)) -0.537011  0.128985 
    

Delta method computed using analytic derivatives. 

 

At this stage, we will also need to generate one more coefficient estimate in this roundabout way, 

which is the numerical value (and standard error) of )1( 21   .  Using the estimates for the unrestricted 

ARDL(2,0,0) model, we follow the same methodology as above to get the following result for the 

magnitude of this term.  

 

Table 43: Calculation of the restricted long-run coefficient 
 

Null Hypothesis: 1-C(2)-C(3)=0  

Null Hypothesis Summary:  
    

Normalized Restriction (= 0) Value Std. Err. 
    

1 - C(2) - C(3)  0.148536  0.033955 
    

Restrictions are linear in coefficients. 

 

We have now generated all the information we need to put together the results for the restricted 

error-correction version of the ARDL(2,0,0) model – without actually having to estimate the error-

correction model itself.  The full model estimates for all three restricted error-correction versions of the 

ARDL models are given in Table 44.  

 

Table 44: Full model estimates for all three restricted error-correction versions  

of the ARDL(2,1,1), ARDL(2,0,0) and ARDL(1,0,0) models 
 

 ARDL(2,1,1) ARDL(2,0,0) ARDL(1,0,0) 

Δ(m – p)t-1  0.153 

 (0.105) 

 0.176 

 (0.097) 

  

Δyt  0.246 

 (0.088) 

 0.139 

 (0.033) 

 0.145 

 (0.033) 

ΔRt  -0.018 

 (0.004) 

 -0.016 

 (0.003) 

 -0.017 

 (0.003) 

ecmt-1  -0.119 

 (0.039) 

 -0.149 

 (0.034) 

 -0.155 

 (0.034) 

 

We can see the relationship between the unrestricted ARDL(2,0,0) in Table 39 and the restricted 

error-correction form of the ARDL(2,0,0) in Table 44 above: 

 

 the coefficient estimate on Δ(m – p)t-1, ϕ1* in the restricted error-correction model, equal to 

0.176, is the same as the ϕ2 coefficient on (m – p)t-2 in the unrestricted ARDL(2,0,0); 

 the restricted coefficient estimate on Δyt in the error-correction model, equal to 0.139, is the 

same as the β10 coefficient on yt in the unrestricted ARDL(2,0,0); 

 the restricted coefficient estimate on ΔRt in the error-correction model, equal to -0.016, is the 

same as the β20 coefficient on Rt in the unrestricted ARDL(2,0,0); and 
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 the restricted coefficient estimate on ecmt-1, –ϕ(1,2), in the error-correction model, equal to -

0.149, is the same as –(1 – ϕ1 – ϕ2) from the unrestricted ARDL(2,0,0) 

 

The coefficient estimate on Δ(m – p)t-1 of the error-correction version of the ARDL(2,0,0) model is 

only significant at the 10 per cent level (p-level: 0.075), and insignificant at conventional significance 

levels in the error-correction version of the ARDL(2,1,1) model.  

The error-correction coefficients, estimated to lie between -0.12 and -0.16, have the correct sign and 

are statistically significant.  The estimated magnitudes correspond to a moderate speed of convergence to 

adjustment.  In fact, a deviation from long-run equilibrium in real money balances in one year – had it 

existed – is corrected by between 12 and 16 per cent in the next year.  

 

6 Multivariate tests for cointegration 

 

Having illustrated a number of univariate approaches for testing for cointegration, we now turn our 

attention to the main multivariate approach. 

 

6.1 The Johansen (1988, 1991) methodology 

 

Johansen’s (1988, 1991) test for cointegration has become a standard part of the toolkit in applied 

econometrics.  This is partly due to the perception that it has higher power than alternative univariate 

cointegration tests such as Engle and Granger’s (1987) two-step methodology and its later variants. 

The standard Johansen methodology, which allows for I(1) and I(0) variables only, involves several 

steps:
30

 

 

 test the variables to see if they are non-stationary (using standard unit-root tests such as the 

ADF test); 

 given that two or more variables are I(1), consider whether they are cointegrated: 

– select the appropriate vector error-correction model (VECM), including the number of lags 

in the VAR (using general-to-specific likelihood ratio tests or information criteria) and 

whether to include constant terms and trends in the cointegration equation (CE) and the 

VECM (which requires some economic reasoning); and 

– test for the number of cointegration relationship (equivalent to the rank r of the Π matrix 

from the VECM) using the trace statistic and the maximum eigenvalue statistic 

 re-estimate the VECM with the predetermined number of r cointegration relations and impose 

restrictions (of which there are two types: identifying restrictions on the left-hand side 

variables and binding restrictions testing coefficient restrictions on the right-hand side 

variables); and 

 then continue with other types of VAR/VECM analysis, such as forecasting, impulse response 

functions, forecast error variance decompositions and (Granger) causality tests. 

 

As seen in the presentation, we can re-write a VAR(p) given by: 

 

 Yt = A1Yt-1 + A2Yt-2 + … + ApYt-p + ΦDt + εt (31) 

 

where Yt is a vector of n non-stationary I(1) variables, Dt is a vector of d deterministic and/or exogenous 

variables and εt is a vector of innovations, as a VECM(p-1): 

                                                 
30

 The Johansen methodology with I(2) variables requires a different approach, which is described in Johansen (1995). 
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If the coefficient matrix Π has reduced rank r < n, then there exist (n × r) matrices α and β, each 

with rank r, such that Π = αβ′ and β′Yt is I(0).  The number of cointegrating relations, r, is called the 

cointegrating rank and each of the r columns of β constitute a cointegrating vector.  The elements of α are 

known as the adjustment parameters.  Johansen’s method consists of estimating the Π matrix from an 

unrestricted VAR and testing whether the restrictions implied by the reduced rank of Π can be rejected.  

While the Johansen methodology has become the standard approach to testing and estimating 

cointegration relations, we should be aware of the approach’s weaknesses.  One is that the methodology is 

sensitive to variable selection and the number of lags included in the VAR/VECM.  In fact, the set-up and 

estimation of the VECM necessary for the Johansen methodology requires a properly specified VAR first 

(issues to address include the lag length of the VAR as well as the absence of autocorrelation and 

normality of the residuals).  A second is that the method does not perform very well in small samples (this 

is independent of the actual span of the data, which is the deciding factor for the power of unit root tests).  

 

6.2 Setting up and estimating a VAR 

 

There are different ways of setting up and estimating a VAR in EViews.  In the first approach, press 

(and hold) the Ctrl button to select the three variables (in the order rm, y and R) in the workfile window 

and then left-click to open them as a VAR.  Alternatively, click on Object/New Object… in the workfile 

window and select the VAR option.  Then enter the three variables manually in the order rm, y and R.  

Another way of setting up and estimating a VAR is to use Quick, Estimate VAR... in the menu bar, 

select rm, y and R in that order as endogenous variables and select 1 3 for the lag interval.  Finally, 

typing: 

 
var var03.ls 1 3 rm y r 

 

in the command window and pressing Return specifies a VAR with the name var03 with an initially 

arbitrary lag length of 3. 

 

Question 9: Using any of the above approaches, estimate an unrestricted VAR with an initial lag length 

of 3.  We start our estimation with rm, y and R, including also a constant, c.  In conformity with our 

earlier estimation exercises, the sample period ends in 1987.  

 

Answer 9: Estimating a VAR generates a lot of output, so Table 45 shows an abridged version of the first 

and the last two entries of the full EViews VAR(3) output only.  
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Table 45: VAR(5) estimates of model including rm, y and R 
 

 Vector Autoregression Estimates  

 Sample (adjusted): 1903 1987  

 Included observations: 85 after adjustments 

 Standard errors in ( ) & t-statistics in [ ] 
    
 RM Y R 
    

RM(-1)  1.139438  0.358105  0.332418 

  (0.12998)  (0.14385)  (2.84483) 

 [ 8.76623] [ 2.48945] [ 0.11685] 

    

... ... ... ... 

    

R(-3) -0.003750  0.001262  0.218738 

  (0.00607)  (0.00672)  (0.13280) 

 [-0.61798] [ 0.18791] [ 1.64709] 

    

C -0.014345  0.068966 -1.954436 

  (0.04632)  (0.05127)  (1.01385) 

 [-0.30968] [ 1.34527] [-1.92773] 
    

 R-squared  0.994397  0.994748  0.863284 

 Adj. R-squared  0.993725  0.994118  0.846878 

 Sum sq. resids  0.205278  0.251422  98.33312 

 S.E. equation  0.052317  0.057899  1.145036 

 F-statistic  1479.027  1578.362  52.62027 

 Log likelihood  135.4970  126.8794 -126.8024 

 Akaike AIC -2.952870 -2.750103  3.218881 

 Schwarz SC -2.665500 -2.462733  3.506252 

 Mean dependent  1.000538  2.275285  4.468010 

 S.D. dependent  0.660435  0.754917  2.926177 
    

 Determinant resid covariance (dof adj.)  8.92E-06  

 Determinant resid covariance  6.13E-06  

 Log likelihood  148.2883  

 Akaike information criterion -2.783255  

 Schwarz criterion -1.921142  
    

 

Question 10: We have selected an arbitrary lag length of 3, but is that appropriate?  

 

Answer 10: Adding more lags improves the fit but reduces the degrees of freedom and increases the 

danger of over-fitting.  An objective way to decide between these competing objectives is to maximise 

some weighted measure of these two parameters.  This is how the Akaike information criterion (AIC), the 

Schwarz (Bayesian) criterion (SC) and the Hannan-Quinn criterion (HQ) work.  These three statistics are 

measures of the trade-off of fit against loss of degrees of freedom so that the best lag length should 

minimise all of them.
31

 

An alternative to the information criteria is to systematically test for the significance of each lag 

using a likelihood-ratio test (discussed in Lütkepohl (1993), section 4.3).  This is the approach favoured 

by Sims (1980), who also suggested a modification to the likelihood-ratio test to take into account small-

sample bias.  We should follow his recommendation in practice (...as, indeed, does EViews).  Since a 

VAR of lag length p nests the same VAR of lag length (p – 1), the difference in log-likelihoods multiplied 

by the number of observations less the number of regressors in the VAR should be distributed as a χ
2
-

                                                 
31

 Some programs maximise the negative of these measures. 
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distribution with degrees of freedom equal to the number of restrictions in the system, s, i.e., 2
(s).  In 

other words:  

 

LR = (T – m) {logp-1 – logp} ~ χ
2
(s) 

 

where T is the number of observations, m is the number of parameters estimated per equation and 

logp is the logarithm of the determinant of the variance-covariance matrix  of the VAR with p lags.  

The adjusted test has the same asymptotic distribution as the standard likelihood-ratio test that does not 

include the adjustment for m, but is less likely to reject the null hypothesis in small samples.  For each lag 

length, if there is no improvement in the fit from the inclusion of the last lag then the difference in errors 

should not be significantly different from white noise.  For our example, we use a general-to-specific 

methodology (some authors specify specific-to-general instead, which I would strongly discourage): 

 

(i) we start with a high lag length (say three lags for annual data);
32

 

(ii) for each lag, say p, note the logarithm of the determinant of the unrestricted variance-

covariance matrix and then calculate the logarithm of the determinant of the restricted 

variance-covariance matrix for a VAR of lag length (p – 1); 

(iii) calculate the difference of the logarithms of the determinants of the variance-covariance 

matrices; and 

(iv) this difference will be distributed as a χ
2
-distribution with degrees of freedom equal to the 

number of restrictions in the system.
33

 

 

It is important to note that the residuals from the estimated VAR should be well behaved, that is, 

there should be no problems with autocorrelation and non-normality.  Thus, whilst the AIC or the SC may 

be good starting points for determining the lag-length of the VAR, it is important to check for 

autocorrelation.  If we find that there is autocorrelation for the chosen lag-length, we ought to increase the 

lag-length until the problem disappears.  Similarly, if there are problems with non-normality, a useful 

trick is to add exogenous variables to the VAR (they may correct the problem), including dummy 

variables and time trends. 

 

Question 11: Test for the appropriate number of lags using the AIC, SC and HQ information criteria as 

well as the likelihood-ratio test (LR). 

 

Answer 11: In our VAR, select View/Lag Structure/Lag Length Criteria…, then enter 3 in the 

maximum lag specification.  The readout should be as in Table 46. 

 

 

 

 

 

 

 

                                                 
32

 Obviously, this will depend on the frequency of your data, so that if you have quarterly data you could start with, say, 10-12 

lags, if you have annual data with 2-3 lags and if you have monthly data with 18-24 lags. 
33

 The degrees of freedom will depend on the number of variables as well as the number of lags in the VAR.  In our case of a 

VAR with three variables and three lags, estimating the model with two lags rather than three means that we have three less 

parameters to estimate per equation, meaning that we have 3*3 = 9 parameters less in the system.  The number of restrictions, 

s, in the system would therefore be nine. 
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Table 46: VAR lag order selection criteria 
 

VAR Lag Order Selection Criteria     

Endogenous variables: RM Y R      

Exogenous variables: C     

Sample: 1900 1987      

Included observations: 85     
       

 Lag LogL LR FPE AIC SC HQ 
       

0 -248.1987 NA   0.074046  5.910557  5.996768  5.945233 

1  129.4450  719.7445  1.27e-05 -2.763412  -2.418568* -2.624706 

2  145.1699   28.85976*   1.08e-05*  -2.921645* -2.318166  -2.678909* 

3  148.2883  5.503099  1.25e-05 -2.783255 -1.921142 -2.436489 
       

 * indicates lag order selected by the criterion    

 LR: sequential modified LR test statistic (each test at 5% level)   

 FPE: Final prediction error     

 AIC: Akaike information criterion     

 SC: Schwarz information criterion     

 HQ: Hannan-Quinn information criterion    

 

All measures except for the SC suggest 2 lags.  The correct lag length will depend on the criteria or 

measure we use.  This is typical of these tests and researchers often use the criterion most convenient for 

their needs.  The SC criterion is generally more conservative in terms of lag length than the AIC criterion, 

i.e., it selects a shorter lag length than the other criteria. 

 

Question 12: Does the chosen VAR have appropriate properties?  Is the VAR stable? Are the residuals 

normal and not autocorrelated? 

 

A useful tip is to start with the VAR with the minimum number of lags according to the information 

criteria (in this case one lag) and check whether there are problems with autocorrelation and normality. 

 

Answer 12: For normality, click on View, choose Residual Tests and pick Normality Test….
34

  We 

should get the results in Table 47. 

 

Table 47: VAR(1) residual normality tests 
 

VAR Residual Normality Tests   

Orthogonalization: Cholesky (Lutkepohl)  

Null Hypothesis: residuals are multivariate normal  

Sample: 1900 1987    

Included observations: 87   
     
     

Component Skewness Chi-sq df Prob. 
     

1  0.174122  0.439620 1  0.5073 

2 -1.022453  15.15845 1  0.0001 

3  0.141023  0.288368 1  0.5913 
     

Joint   15.88644 3  0.0012 
     

                                                 
34

 Although normality is not a necessary condition for the validity of many of the statistical procedures related to VAR models, 

deviations from the normality assumption may indicate that model improvements are possible.  Therefore, non-normality tests 

are common in applied work. 
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Component Kurtosis Chi-sq df Prob. 
     

1  4.186983  5.107366 1  0.0238 

2  5.879445  30.05562 1  0.0000 

3  3.813498  2.398950 1  0.1214 
     

Joint   37.56193 3  0.0000 
     
     

Component Jarque-Bera df Prob.  
     

1  5.546986 2  0.0624  

2  45.21407 2  0.0000  

3  2.687318 2  0.2609  
     

Joint  53.44837 6  0.0000  
     

 

Thus this VAR(1) does have a problem with non-normality (why?).  Rather than EViews’ default 

setting of Cholesky of covariance (Lütkepohl) as the Orthogonalisation method, some authors prefer 

to use Square root of correlation (Doornik-Hendry).  This is because we must choose a factorisation of 

the residuals for the multivariate normality test, such that residuals are orthogonal to each other.  The 

approach due to Doornik and Hansen (2008) has two advantages over the one in Lütkepohl (1991, p. 155-

158).  First, Lütkepohl’s test uses the inverse of the lower triangular Cholesky factor of the residual 

covariance matrix, resulting in a test which is not invariant to a re-ordering of the dependent variables.  

Second, Doornik and Hansen perform a small-sample correction to the transformed residuals before 

computing their statistics.  We should note that the finding of non-normality is robust to the 

otrhogonalisation method, though.  

 

Answer 12: For autocorrelation, click on View, choose Residual Tests and pick the Autocorrelation 

LM test….  The output for the VAR model with one lag is reproduced in Table 48. 

 

Table 48: VAR(1) residual serial correlation Lagrange multiplier tests 
 

VAR Residual Serial Correlation LM Tests 
Null Hypothesis: no serial correlation at lag 
order h 

Sample: 1900 1987  

Included observations: 87 
   

Lags LM-Stat Prob 
   

1  27.75594  0.0010 

2  12.15233  0.2049 

3  15.78087  0.0716 

4  8.644289  0.4707 

5  5.162711  0.8199 

6  11.74875  0.2278 

7  7.775840  0.5569 

8  7.337229  0.6021 

9  12.54738  0.1842 

10  10.36928  0.3214 

11  15.54160  0.0771 

12  9.710538  0.3744 
   

Probs from chi-square with 9 df. 
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There appears to be a problem with (first-order) autocorrelation.  To address the problem of 

autocorrelation, try adding further lags to the VAR.  As can be seen from Table 49, having four lags in 

total seems to get rid of the problem. 

 

Table 49: VAR(4) residual serial correlation Lagrange multiplier tests 
 

VAR Residual Serial Correlation LM Tests 
Null Hypothesis: no serial correlation at lag 
order h 

Sample: 1900 1987  

Included observations: 84 
   

Lags LM-Stat Prob 
   

1  6.615426  0.6771 

2  8.434124  0.4911 

3  9.959155  0.3538 

4  12.87169  0.1685 

5  8.813316  0.4547 

6  9.667276  0.3781 

7  12.16716  0.2040 

8  4.563092  0.8706 

9  10.33426  0.3241 

10  6.625900  0.6760 

11  8.772634  0.4585 

12  3.013885  0.9637 
   

Probs from chi-square with 9 df. 

 

While the VAR with four lags does not display any autocorrelation, the problem of non-normality 

remains (demonstrating the latter is left as an optional exercise).
35

  As we will see below, our finding of a 

VAR(4) in levels supports Stock and Watson’s (1993) (unexplained) choice of a VECM(3) model in the 

multivariate cointegration test using the Johansen methodology.
36

 

In order to strengthen our conclusions about the number of cointegration relations later on, we will 

also want to look at the eigenvalues of the companion matrix of the VAR we have just estimated.  Go to 

View, Lag Structure and click on AR Roots Table.  You should get the results in Table 50. 

 

Table 50: Roots of the characteristic VAR(4) polynomial 
 

Roots of Characteristic Polynomial 

Endogenous variables: RM Y R  

Exogenous variables: C  

Lag specification: 1 4 
  
       Root Modulus 
  

 0.996138  0.996138 

 0.883181 - 0.053456i  0.884797 

 0.883181 + 0.053456i  0.884797 

 0.536616 - 0.384021i  0.659870 

 0.536616 + 0.384021i  0.659870 

-0.212887 - 0.589343i  0.626615 

-0.212887 + 0.589343i  0.626615 

                                                 
35

 Adding a time trend (denoted @trend in EViews) as an exogenous variable generally helps to correct instability in the 

VAR, even though it fails to do so in this case (this is left as an exercise). 
36

 As shown in the presentation, a VAR(p) can always be re-formulated as a VECM(p-1).  
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-0.157670 - 0.583027i  0.603971 

-0.157670 + 0.583027i  0.603971 

-0.019845 - 0.425462i  0.425925 

-0.019845 + 0.425462i  0.425925 

 0.342169  0.342169 
  

 No root lies outside the unit circle. 

 VAR satisfies the stability condition. 

 

We will defer the discussion of the information contained in the above table until the assessment of 

the number of cointegrating relations below.  For the time being, we note the existence of one eigenvalue 

very close to one in magnitude (0.996138).
37

  

 

6.3 Setting up the VECM for the Johansen (1988, 1991) methodology 

 

The question of whether an intercept and trend should enter the long-run model, the short-run 

model or both is not easily answered a priori.  Following Johansen (1995b), the deterministic terms 

entering the VECM given by equation (32) are restricted to the form: 

 

 ΦDt = μt = μ0 + μ1t (34) 

 

Equation (34) shows that deterministic terms can occur both in the cointegrating relationship as 

well as in the rest of the VECM.  If the deterministic terms are unrestricted, then the time series in Yt may 

exhibit quadratic trends and there may be a linear trend term in the cointegrating relationships.  Restricted 

versions of the trend parameters μ0 and μ1 limit the trending nature of the series in Yt.  The trend 

behaviour of Yt can be classified into five cases: 

 

1. Model H2(r): μt = 0 (no constant).  The restricted VECM is: 

 

 ΔYt = αβ′Yt-1 + Γ1ΔYt-1 + ... + Γp-1ΔYt-p+1 + εt 

 

and all the series in Yt are I(1) without drift and the cointegrating relations β′Yt have mean 

zero. 

2. Model H1
*
(r): μt = μ0 = αρ0 (restricted constant).  The restricted VECM is: 

 

 ΔYt = α(β′Yt-1 + ρ0) + Γ1ΔYt-1 + ... + Γp-1ΔYt-p+1 + εt 

 

and the series in Yt are I(1) without drift and the cointegrating relations β′Yt have non-zero 

means ρ0. 

3. Model H1(r): μt = μ0 (unrestricted constant).  The restricted VECM is: 

 

 ΔYt = μ0 + αβ′Yt-1 + Γ1ΔYt-1 + ... + Γp-1ΔYt-p+1 + εt 

 

and the series in Yt are I(1) with drift vector μ0 and the cointegrating relations β′Yt may have a 

non-zero mean. 

4. Model H*(r): μt = μ0 + αρ1t (restricted trend).  The restricted VECM is: 

 

                                                 
37

 On a practical note, if one or more of the characteristic roots are close to one (say, exceed 0.90 in magnitude), it will be 

doubtful if the analytic (asymptotic) confidence intervals that EViews produces will still be accurate.  In this case, we may 

want to consider bootstrapping the confidence intervals. 
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 ΔYt = μ0 + α(β′Yt-1 + ρ1t) + Γ1ΔYt-1 + ... + Γp-1ΔYt-p+1 + εt 

 

and the series in Yt are I(1) with drift vector μ0 and the cointegrating relations β′Yt have a 

linear trend term ρ1t. 

5. Model H(r): μt = μ0 + μ1t (unrestricted constant and rend).  The unrestricted VECM is: 

 

 ΔYt = μ0 + μ1t + αβ′Yt-1 + Γ1ΔYt-1 + ... + Γp-1ΔYt-p+1 + εt 

 

and the series in Yt are I(1) with a linear trend (quadratic trend in levels) and the cointegrating 

relations β′Yt have a linear trend. 

 

Case I is not really relevant for empirical work.  Although it is possible to specify a model where  

μt = 0, that is, there are no deterministic components in both the cointegration relations and in the data, 

this is unlikely to occur in practice, especially as the intercept is generally needed to account for the 

(different) units of measurement of the variables in Yt.  The restricted constant Case II is appropriate for 

non-trending I(1) data like interest rates and exchange rates.  The unrestricted constant Case III is 

appropriate for trending I(1) data like asset prices, macroeconomic aggregates (real GDP, consumption, 

employment, etc.).  The restricted trend Case IV is also appropriate for trending I(1) data, as in Case III.  

But note the deterministic trend in the cointegrating residual in Case IV as opposed to the stationary 

residual in Case III.  Finally, the unrestricted trend Case V is appropriate for I(1) data with a quadratic 

trend.  An example might be nominal price data during times of extreme inflation.  

The upshot of this is that care needs to be taken when specifying deterministic variables in the 

VECM.  This is because the underlying series may have nonzero means, deterministic trends and 

stochastic trends.  In addition, the cointegrating equations (CEs) themselves may also have intercepts and 

deterministic trends.
38

 

EViews offers us five different models, henceforth denoted Model 1 through Model 5, which are 

illustrated in Table 51. 

 

Table 51: Deterministic trend assumptions of the Johansen cointegration test 
 

Deterministic trend assumption of test 

 Assume no deterministic trend in data 

 1) No intercept or trend in CE or test VAR 

 2) Intercept (no trend) in CE – no intercept in VAR 

 Allow for linear deterministic trend in data 

 3) Intercept (no trend) in CE and test VAR 

 4) Intercept and trend in CE – no trend in VAR 

 Allow for quadratic deterministic trend in data 

 5) Intercept and trend in CE – linear trend in VAR 

 

The EViews manual makes the following recommendations.  To begin with, it notes that Models 1 

and 5 are rarely used in empirical work.  This is because Model 1 is extremely restrictive and really only 

applies if we know that all series have zero means.  Model 5, which is appropriate for I(1) data with a 

quadratic trend, such as nominal price data during times of extreme inflation or population growth, may 

provide a good in-sample fit but will produce implausible forecasts out-of-sample.  As a rough guide, 

Model 2 should be used in case of non-trending I(1) data like interest rates and exchange rates; Model 3 if 

                                                 
38

 The question of what deterministic variables should be included in the VECM is closely related to the null hypothesis of unit 

root tests.  Thus, when one considers the VECM with the presence of drift and/or trend, one should check whether the 

appropriate specification of deterministic trends has been used in the regression for unit roots.  
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we believe that all trends are stochastic, as would be the case for asset prices and macroeconomic 

aggregates (real GDP, consumption, employment, etc.); and Model 4 if some of the series appear trend 

stationary or the model contains an equilibrium relation including a linear trend.
39

    

EViews also gives you a summary option if you are unsure about which trend assumption to use.  

The summary of all five trend assumptions may help in choosing between the five different models, as it 

indicates the number of cointegrating relations under each of the five trend assumptions.  Note that this 

also allows us to assess the sensitivity of the results to the trend assumption (more about that later).   

After estimation of the VAR with 4 lags over the period from 1900 to 1987, select the VAR 

window View/Cointegration Test….  In the Cointegration Test Specification window, specify the lag 

interval 1 3 (why?) and select the summary option 6.  

In the case at hand, the summary output is given in Table 52. 

 

Table 52: Summary of cointegration tests specification 
 

Sample: 1900 1987    

Included observations: 84    

Series: RM Y R      

Lags interval: 1 to 3    

      

 Selected (0.05 level*) Number of Cointegrating Relations by Model 
      

Data Trend: None None Linear Linear Quadratic 

Test Type No Intercept Intercept Intercept Intercept Intercept 

 No Trend No Trend No Trend Trend Trend 

Trace 0 0 0 1 1 

Max-Eig 0 0 0 0 1 
      

 *Critical values based on MacKinnon-Haug-Michelis (1999)  

      

 Information Criteria by Rank and Model 
      

Data Trend: None None Linear Linear Quadratic 

Rank or No Intercept Intercept Intercept Intercept Intercept 

No. of CEs No Trend No Trend No Trend Trend Trend 
      

  Log Likelihood by Rank (rows) and Model (columns) 

0  142.2075  142.2075  147.1597  147.1597  147.2139 

1  147.3228  151.5556  156.0900  159.8096  159.8633 

2  150.4895  156.6306  158.0833  166.7396  166.7661 

3  151.1631  158.1408  158.1408  168.7316  168.7316 
      

  Akaike Information Criteria by Rank (rows) and Model (columns) 

0 -2.743035 -2.743035 -2.789517 -2.789517 -2.719378 

1 -2.721971 -2.798942 -2.859287  -2.924039* -2.877698 

2 -2.654512 -2.753110 -2.763887 -2.922373 -2.899193 

3 -2.527694 -2.622400 -2.622400 -2.803133 -2.803133 
      

  Schwarz Criteria by Rank (rows) and Model (columns) 

0 -1.961701* -1.961701* -1.921368 -1.921368 -1.764414 

1 -1.767007 -1.815040 -1.817508 -1.853322 -1.749104 

2 -1.525918 -1.566640 -1.548479 -1.649088 -1.596970 

                                                 
39

 As we will discuss below, the results of the unit root tests should be of help here.  
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3 -1.225470 -1.233362 -1.233362 -1.327280 -1.327280 
      

 

The first three cases are consistent, in that neither the trace nor the maximum eigenvalue test 

suggests the existence of a cointegration relation between the variables in the VAR.  We will examine 

these tests in more detail in the next sub-section.  One of the tests (the trace test) indicates the existence of 

one cointegration relation for Model 4, while both tests agree on one significant cointegration relation in 

Model 5.   

But how do we decide between the different models?  Well, EViews calculates all possible 

combinations of deterministic regressors and number of cointegration relations and calculates the 

information criteria by rank and model.  This can be found in the bottom panel of the table.  As always, 

we want to minimise the information criteria – minimum values are denoted by an asterisk (*).  Doing so 

leads us to prefer the model with one cointegration relation on the basis of the trace test and an intercept 

and trend in the CE and no trend in the VAR (Model 4) on the basis of the Akaike information criterion.  

In contrast, the Schwarz (Bayesian) information criterion suggests either Model 1 or Model 2.  In both 

cases, though, there is no cointegration relation (the rank of the long-run matrix Π is zero).   

 

6.4 Finding the cointegration rank, r 

 

Overall, Stock and Watson (1993) do not provide much additional information about the specific 

details of their Johansen procedure.  As such, their finding of one significant cointegrating relationship is 

based on applying their own common stochastic trends methodology (Stock and Watson (1988)) rather 

than the Johansen approach itself.  We will see below why this may be the case.  

The cointegrating rank, r, is typically chosen by testing a sequence of hypotheses: 

 

 H0(r0): rank(Π) = r = r0     versus     H1(r0): rank(Π) = r > r0 (35) 

 

for r0 = 0, 1, … , (n – 1).  The first rank r0 for which this null hypothesis cannot be rejected is then chosen 

as an estimate for r.  This testing procedure is known as the trace test.  Alternatively, one may consider 

tests of: 

 

 H0(r0): rank(Π) = r = r0     versus     H1(r0): rank(Π) = r > r0 + 1 (36) 

 

which is known as the maximum eigenvalue test.   

We have to decide on whether to include deterministic regressors in the cointegrating equation and, 

if so, how the constant and/or a deterministic time trend enter into the vector error-correction mechanism.  

For this we have to look carefully at the underlying data-generating process and apply some economic 

logic.
40

  In particular, allowing a linear trend in the VAR model in first differences implies that we allow 

growth rates (in case of drm and dy) and changes (in case of dR) to gradually increase or decrease 

through time.  For these variables in levels (rather than first differences), this would imply upward or 

downward explosive behaviour (or quadratic trends).  Looking at the time series of our variables, this 

behaviour is neither plausible nor apparent from the underlying data, so we can eliminate Model 5.  

Allowing an intercept in the VAR model for first differences implies that we allow variables in 

levels to grow, which is equivalent to non-stationary behaviour.  But note that the VAR intercept may be 

linked to (i) a linear deterministic trend in the levels or (ii) a unit root with drift in the levels variables.  

Because we tested our variables for unit roots and were able to reject the hypothesis of (trend-)stationarity 

in favour of a unit root, we do not want a linear trend in the long-run, or cointegration equation.  In 
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 The former may be easier to do than the latter.  
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addition, any unexplained parts in our model (such as an exchange rate or foreign interest rates) are not 

assumed to have a deterministic trend.  Overall, this would suggest that we can eliminate Model 4.  

This means that we now have to decide on intercepts in the VAR model and the cointegration 

equation in the remaining three options.  After estimation of the VAR with 4 lags over the period from 

1900 to 1987, select the VAR window View/Cointegration Test….  In the Cointegration Test 

Specification window, specify the lag interval 1 3 and select Model 3.  

Using Model 3 (intercept (no trend) in CE and test VAR), the trace and maximum eigenvalue 

statistics do not reject the hypothesis of no cointegration at any of the conventional significance levels.  

Results are given in Table 53.  These tests are based on the estimated eigenvalues λ1 > λ2 > ... > λn of the 

matrix Π.  In fact, the number of cointegrating vectors is equal to the number of nonzero eigenvalues of 

Π, such that if rank(Π) = r0, then λr0+1, ... , λn should all be close to zero.  The three estimated eigenvalues 

are 0.192, 0.046 and 0.001.  Also recall that this is a sequential test.  The first null hypothesis tested is 

that there is no cointegrating equation (equivalent to r ≤ 0).  As the null hypothesis of no cointegrating 

equation (r ≤ 0) cannot be rejected using either test, we stop here and conclude that there is no evidence 

of cointegration in the model.  

 

Table 53: Trace and maximum eigenvalue cointegration rank tests (Model 3) 
 

Sample (adjusted): 1904 1987   

Included observations: 84 after adjustments  

Trend assumption: Linear deterministic trend  

Series: RM Y R     

Lags interval (in first differences): 1 to 3  

     

Unrestricted Cointegration Rank Test (Trace)  
     

Hypothesized  Trace 0.05  

No. of CE(s) Eigenvalue Statistic Critical Value Prob.** 
     

None  0.191542  21.96217  29.79707  0.3006 

At most 1  0.046349  4.101544  15.49471  0.8952 

At most 2  0.001370  0.115123  3.841466  0.7344 
     

 Trace test indicates no cointegration at the 0.05 level 

 * denotes rejection of the hypothesis at the 0.05 level 

 **MacKinnon-Haug-Michelis (1999) p-values  

     

Unrestricted Cointegration Rank Test (Maximum Eigenvalue) 
     

Hypothesized  Max-Eigen 0.05  

No. of CE(s) Eigenvalue Statistic Critical Value Prob.** 
     

None  0.191542  17.86063  21.13162  0.1351 

At most 1  0.046349  3.986421  14.26460  0.8608 

At most 2  0.001370  0.115123  3.841466  0.7344 
     

 Max-eigenvalue test indicates no cointegration at the 0.05 level 

 * denotes rejection of the hypothesis at the 0.05 level 

 **MacKinnon-Haug-Michelis (1999) p-values  

 

Similarly, using Model 1 (no intercept or trend in CE or test VAR) or Model 2 (intercept (no trend) 

in CE – no intercept in VAR), the trace and maximum eigenvalue statistics do not reject the null 
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hypothesis of no cointegration at conventional levels of significance, providing no evidence of 

cointegration in these models.  The results for Model 1 can be found in Table 54. 

 

Table 54: Trace and maximum eigenvalue cointegration rank tests (Model 1) 
 

Sample (adjusted): 1904 1987   

Included observations: 84 after adjustments  

Trend assumption: No deterministic trend  

Series: RM Y R     

Lags interval (in first differences): 1 to 3  

     

Unrestricted Cointegration Rank Test (Trace)  
     

Hypothesized  Trace 0.05  

No. of CE(s) Eigenvalue Statistic Critical Value Prob.** 
     

None  0.114668  17.91130  24.27596  0.2565 

At most 1  0.072626  7.680688  12.32090  0.2625 

At most 2  0.015911  1.347271  4.129906  0.2874 
     

 Trace test indicates no cointegration at the 0.05 level 

 * denotes rejection of the hypothesis at the 0.05 level 

 **MacKinnon-Haug-Michelis (1999) p-values  

     

Unrestricted Cointegration Rank Test (Maximum Eigenvalue) 
     

Hypothesized  Max-Eigen 0.05  

No. of CE(s) Eigenvalue Statistic Critical Value Prob.** 
     

None  0.114668  10.23061  17.79730  0.4612 

At most 1  0.072626  6.333417  11.22480  0.3133 

At most 2  0.015911  1.347271  4.129906  0.2874 
     

 Max-eigenvalue test indicates no cointegration at the 0.05 level 

 * denotes rejection of the hypothesis at the 0.05 level 

 

The results for Model 2 are given in Table 55. 

 

Table 55: Trace and maximum eigenvalue cointegration rank tests (Model 2) 
 

Sample (adjusted): 1904 1987   

Included observations: 84 after adjustments  

Trend assumption: No deterministic trend (restricted constant) 

Series: RM Y R     

Lags interval (in first differences): 1 to 3  

     

Unrestricted Cointegration Rank Test (Trace)  
     

Hypothesized  Trace 0.05  

No. of CE(s) Eigenvalue Statistic Critical Value Prob.** 
     

None  0.199544  31.86666  35.19275  0.1094 

At most 1  0.113819  13.17048  20.26184  0.3504 

At most 2  0.035318  3.020406  9.164546  0.5769 
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 Trace test indicates no cointegration at the 0.05 level 

 * denotes rejection of the hypothesis at the 0.05 level 

 **MacKinnon-Haug-Michelis (1999) p-values  

     

Unrestricted Cointegration Rank Test (Maximum Eigenvalue) 
     

Hypothesized  Max-Eigen 0.05  

No. of CE(s) Eigenvalue Statistic Critical Value Prob.** 
     

None  0.199544  18.69618  22.29962  0.1479 

At most 1  0.113819  10.15008  15.89210  0.3209 

At most 2  0.035318  3.020406  9.164546  0.5769 
     

 Max-eigenvalue test indicates no cointegration at the 0.05 level 

 * denotes rejection of the hypothesis at the 0.05 level 

 **MacKinnon-Haug-Michelis (1999) p-values  

 

Finally, the results for Model 4 are given in Table 56 for completeness. 

 

Table 56: Trace and maximum eigenvalue cointegration rank tests (Model 4) 
 

Sample (adjusted): 1904 1987   

Included observations: 84 after adjustments  

Trend assumption: Linear deterministic trend (restricted) 

Series: RM Y R     

Lags interval (in first differences): 1 to 3  

     

Unrestricted Cointegration Rank Test (Trace)  
     

Hypothesized  Trace 0.05  

No. of CE(s) Eigenvalue Statistic Critical Value Prob.** 
     

None *  0.260062  43.14374  42.91525  0.0474 

At most 1  0.152106  17.84390  25.87211  0.3545 

At most 2  0.046320  3.983898  12.51798  0.7444 
     
 Trace test indicates 1 cointegrating eqn(s) at the 0.05 level 

 * denotes rejection of the hypothesis at the 0.05 level 

 **MacKinnon-Haug-Michelis (1999) p-values  

     

Unrestricted Cointegration Rank Test (Maximum Eigenvalue) 
     

Hypothesized  Max-Eigen 0.05  

No. of CE(s) Eigenvalue Statistic Critical Value Prob.** 
     

None  0.260062  25.29984  25.82321  0.0585 

At most 1  0.152106  13.86001  19.38704  0.2637 

At most 2  0.046320  3.983898  12.51798  0.7444 
     
 Max-eigenvalue test indicates no cointegration at the 0.05 level 

 * denotes rejection of the hypothesis at the 0.05 level 

 **MacKinnon-Haug-Michelis (1999) p-values  

 

One way of trying to make sense of the bewildering array of different possibilities is to follow 

Johansen (1992), who suggested testing the joint hypothesis of both the rank order and the deterministic 

components by applying the Pantula principle to the estimation results from the different models.  That is, 

all three feasible models are estimated and the results are presented from the most restrictive alternative 

(i.e., r = 0 and Model 2) to the least restrictive alternative (i.e., r = n – 1 and Model 4).  The test 
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procedure is then to move through from the least restrictive model and at each stage to compare the trace 

(or the maximum eigenvalue) statistic to its critical value and only stop the first time the null hypothesis 

is not rejected.  The results from estimating Models 2 to 4 and then applying the Pantula principle are 

given in Table 57.  Starting with the most restrictive model, the trace test statistic of 31.87 does not 

exceed its critical value of 34.87 (taken from Pesaran et al. (2000), Table 6(b)).
41

  This procedure 

therefore stops here.  Thus, we would not reject that there is no cointegrating vector and that there are no 

deterministic trends in the levels of the data (Model 2, which contains an intercept but no trend in the 

long-run cointegrating equation and no intercept in the short-run VAR).   

Had the test statistic exceeded its critical value, we would have proceeded to the next most 

restrictive model (keeping to the same value of r), as shown by the arrow in the first row of the table.  

Moving through the table row by row from left to right, we stop the first time the null hypothesis is not 

rejected (based on the critical values in the appropriate tables of critical values in Pesaran et al. (2000)). 

 

Table 57: Testing the joint hypothesis of both the rank order and the deterministic components 
 

H0: r n – r Model 2 Model 3 Model 4 

 0 3 31.87    → 21.96 43.14 

 1 2 13.17 4.10 17.84 

 2 1 3.02 0.12    → 3.98 

 

The above tables suggest that the hypothesis of no cointegration relation (rank r ≤ 0) cannot be 

rejected.  We therefore conclude that on the basis of the Johansen test, there is no evidence of a 

cointegration equation.  The absence of a cointegration relation obviously argues against a stable long-run 

money-demand relationship in the US over the period from 1904 to 1987, at least using the Johansen 

methodology.  This result is interesting in light of the fact that Stock and Watson (1993) estimate a single 

cointegration relation using the Johansen methodology.  But recall that they surmise the existence of such 

a cointegration relation on the basis of a different test, and only use the Johansen approach for estimation.  

The result of no significant cointegration relation is consistent across the two tests.  This is not 

always the case, and there are many instances where the trace statistic and the maximum eigenvalue 

statistic may yield conflicting results.  In such cases, the best approach is to examine the estimated 

cointegrating vector and base your choice on the interpretability of the cointegrating relations.
42

  For what 

it is worth, Johansen and Juselius (1990) suggest that the maximum eigenvalue test may be better, while 

Johansen (1994) has a preference for the trace statistic.  In contrast, Lütkepohl et al. (2001) recommend 

the trace test if one wants to apply just one test (but then sit on the fence in terms of also recommending 

that there is nothing wrong with the common practice of using both versions simultaneously).  Note also 

that the trace statistic is considered more robust to deviations from normality, i.e., skewness and excess 

kurtosis, in the estimated residuals, as would be the case in our estimated VAR(4) (Cheung and Lai 

(1993)). 

But it is important to use any additional information that can support the choice of the cointegrating 

rank, r.  Juselius (1995), for example, suggests looking at the dynamics of the underlying VAR model and 

in particular whether it converges in the long run.  Thus the eigenvalues (i.e., roots) of the companion 

matrix can be considered, since these provide additional confirmation of how many (n – r) roots are on 

the unit circle and thus the number of r cointegrating relations.  We found that the largest of the twelve  

(n × k = 3 × 4 = 12) eigenvalues of the companion matrix was inside the unit circle, but close to one in 

magnitude (0.996138).  This lends some support to the existence of one cointegrating relationship.  

                                                 
41

 Although the critical values used by EViews are available in McKinnon et al. (1999), Pesaran et al. (2000, Tables 6(a) 

through 6(e)) have extended these to allow for (weakly) exogenous I(1) variables to enter the model such that the endogenous 

model set out in equation (32) is a special case where the number of exogenous variables (k) equals zero.  
42

 Johansen and Juselius (1990) provide an example of how this can be done.  
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Another useful diagnostic is the plot of the cointegrating relationship, which is reproduced in the 

left-hand side panel of Figure 3.  This time series, which should be stationary, can be obtained by going to 

View/Cointegration Graph.  You may want to compare this cointegrating relationship with the one 

given by eg_resid_rm in Figure 2, which is done in the right-hand side panel of Figure 3.  

 

Figure 3: Time series of cointegrating relationship 
 

  
 

In order to recover the cointegration relationship denoted as JOH(3) in Table III.A of Stock and 

Watson (1993), we start by re-doing the cointegration test using Model 3 (View/Cointegration Test… 

and select Model 3).  You can find the cointegration relations (without the constant) by scrolling down 

the output window.  The second part of the resulting output, reproduced below in Table 58, provides 

estimates of the cointegrating relations β and the adjustment parameters α.  As is well known, the 

cointegrating vector β is not identified unless we impose some arbitrary normalisation.  Reproduced 

below are the estimates of β and α based on the normalisation β′S11β = I, where (the variance-covariance 

matrix) S11 is defined in Johansen (1995, p. 91).  Note that Unrestricted Cointegrating Coefficients 

reports the transpose of β, so that the first row is the first cointegrating vector, the second row is the 

second cointegrating vector and so on.  

 

Table 58: Unrestricted cointegration coefficients  

and adjustment coefficients for cointegration model 3 
 

 Unrestricted Cointegrating Coefficients (normalized by b'*S11*b=I):  
     

RM Y R   

 9.686502 -9.631458  1.094047   

 4.179021 -3.444052  0.007584   

-0.168822 -1.241210 -0.058763   
     
 Unrestricted Adjustment Coefficients (alpha):   
     

D(RM) -0.003823 -0.003291  0.001556  

D(Y)  0.002946  0.009464  0.001174  

D(R) -0.379226  0.135629 -0.010932  
     

 

The one estimated unrestricted cointegration equation is given in Table 59 below.  They can be 

found by strolling even further down the output window.  Except for the signs, these are the coefficient 

estimates as they appear in Table III.A in Stock and Watson (1993, p. 803).  The normalisation comes 

from the fact that the first cointegrating relation has been normalised on the first coefficient, equal to 

9.686502.  As such, the second and third normalised coefficients are equal to -9.631458/9.686502 = -
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0.994317 and 1.094047/9.686502 = 0.112946.  Note that I have suppressed the additional, but irrelevant, 

output for the cases of two cointegration equations, which EViews also provides.  

 

Table 59: Normalised cointegration coefficients  

and adjustment coefficients for cointegration model 3 
 

1 Cointegrating Equation(s):  Log likelihood  156.0900  
     

Normalized cointegrating coefficients (standard error in parentheses) 

RM Y R   

 1.000000 -0.994317  0.112946   

  (0.03845)  (0.01064)   

     

Adjustment coefficients (standard error in parentheses)  

D(RM) -0.037029    

  (0.05149)    

D(Y)  0.028540    

  (0.06183)    

D(R) -3.673375    

  (1.18426)    
     

 

To get the cointegration relation with a constant, click on Estimate, select the Vector Error 

Correction option, select 1 3 for the Lag Intervals for D(Endogenous), click on the Cointegration tab, 

select 1 for Number of cointegrating and option 3 for the Deterministic Trend Specification and then 

OK.  The top part of the estimation output, now including a constant, is reproduced in Table 60. 

 

Table 60: VECM estimates 
 

 Vector Error Correction Estimates  

 Sample (adjusted): 1904 1987  

 Included observations: 84 after adjustments 

 Standard errors in ( ) & t-statistics in [ ] 
    

Cointegrating Eq:  CointEq1   
    

RM(-1)  1.000000   

    

Y(-1) -0.994317   

  (0.03845)   

 [-25.8621]   

    

R(-1)  0.112946   

  (0.01064)   

 [ 10.6169]   

    

C  0.755627   
    

Error Correction: D(RM) D(Y) D(R) 
    

CointEq1 -0.037029  0.028540 -3.673375 

  (0.05149)  (0.06183)  (1.18426) 

 [-0.71915] [ 0.46155] [-3.10183] 

 

The above output provides the elements of the cointegrating vector β = (1, -0.994, 0.113) as well as 

the elements of the vector of the adjustment coefficients α = (-0.037, 0.028, -3.673).  We can see that 
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while all of the elements of the cointegrating vector are statistically significant, only one of the three 

adjustment coefficients (D(R)) is statistically significant.  We will return to this point below.
43

  We 

should also note that the (insignificant) adjustment coefficient on D(Y) is positive, and thus of the wrong 

sign.  

The equation is automatically normalised on the first variable to appear in the VAR, which in this 

case is rm.  As the coefficient on rm equals 1, the equation above can be seen to explain rm as a function 

of the other variables in the long-run relationship.  Note that the coefficients on the other variables have 

the opposite sign from what theory would predict.  This is because the independent variables are all 

assumed to appear on the left-hand side of the long-run equation.  In other words, the cointegrating 

equation needs to be interpreted as follows: 

 
rm – 0.994y + 0.113R + 0.756 = 0 = I(0) 

 

such that, with rm as the single left-hand side variable, the long-run, or cointegration equation is: 

 
rm = 0.994y - 0.113R - 0.756 

 

where the coefficients now have the expected signs from equation (1). 

The above equation conforms to what theory would suggest a long-run money-demand equation 

should look like.  But you can just as easily rewrite the equation in terms of y and R by solving for one of 

these variables.  You do this by imposing the restricted coefficient of 1 on one of the other variables in the 

cointegration equation.  For example, conditional on one cointegrating relationship, the equation 

normalised on R and without the constant would be given by: 

 
9.687rm – 9.631y + 1.094R = 0 

 

-1.094R = 9.687rm - 9.631y 

 

R = -(9.687/1.094)rm + (9.631/1.094)y 

 

= -8.854rm + 8.804y 

 

It may be obvious that imposing another identifying restriction in this way very much depends on 

whether you can impart any economic meaning to this new – re-normalised – equation.  In other words, 

does the equation with R as the dependent variable make (more) economic sense that the one with rm on 

the right-hand side?  In addition, there is also no guarantee that the new cointegrating vector for R lies in 

the cointegrating space.  

 

6.5 Testing cointegration restrictions 

 

Having determined how many cointegrating vectors there are (zero, even though we continue to 

pretend that there is in fact one cointegrating relationship), it is now necessary to consider whether they 

are unique and consequently whether they tell us anything about the structural economic relationships 

underlying the long-run model. 

                                                 
43

 Even before testing any restrictions on α more formally, the t-values associated with the elements of α would suggest that 

weak exogeneity for rm and y is likely to hold.  
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The estimated standard errors for the coefficients in the cointegration equation as well as the 

adjustment coefficients provide some suggestions for further inference, i.e., imposing binding restrictions 

on the estimated coefficients in α and β.  But when interpreting the cointegrating vectors obtained from 

the Johansen approach it needs to be stressed that what the reduced-rank regression procedure provides is 

information on how many unique cointegrating vectors span the cointegration space. Since any linear 

combination of the stationary vectors is itself again a stationary vector, the estimates produced for any 

particular column of β are not necessarily unique and hence the cointegrating vectors are not fully, or 

uniquely, identified.  In order to achieve full identification, we may have to impose additional identifying 

restrictions when performing estimation.  The theory (and implementation) of testing for unique 

cointegrating vectors is not straightforward, and references can be found in Johansen (1992), Johansen 

and Juselius (1994) and Boswijk (1996).  But EViews will automatically check whether the restrictions 

you provided identify all cointegrating vectors for each possible rank.
44

  Furthermore, asymptotic 

standard errors for the estimated cointegrating parameters will be reported only if the restrictions identify 

the cointegrating vectors.  In other words, we do not really have to worry about proper identification as 

EViews does the checking for us.  

 

6.5.1 Weak exogeneity 

 

At the moment, all three variables in Yt adjust to deviations in the long-run money demand 

equation.  But two of the three adjustment coefficients in α, namely the adjustment coefficient associated 

with m – p (α1) and the adjustment coefficient associated with y (α2), are not statistically significant.  

We saw in the presentation that weak exogeneity, i.e., the question whether the cointegrating relations 

enter a specific equation significantly, can be assessed by testing the adjustment coefficients in the matrix 

α.
45

  A variable yit is weakly exogenous for the cointegrating parameters if none of the cointegration 

relations enter the equation for that variable.  In particular, the presence of all zeros in row i of αij  

(j = 1, ... , r), indicates that the cointegrating vectors in β do not enter the equation determining Δyit.  The 

hypothesis means that the subset of variables is weakly exogenous for the long-run parameters, i.e., 

disequilibrium in the cointegrating relationship, does not feed-back directly onto the corresponding 

variables.  Looking at the question at hand, it appears as if α1 = α2 = 0.  If true, this would suggest that rm 

and y are weakly exogenous for the cointegrating parameters as none of the cointegration relations enter 

the equation for those two variables.   

If α1 = α2 = 0, then the equations for Δ(m – p)t and Δyt contain no information about the long-run β, 

since the cointegrating relationships do not enter into these equations.  It is therefore valid to condition on 

the weakly exogenous variables Δ(m – p)t and Δyt and proceed with the following partial (conditional 

model) version of the VECM: 
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44

 In fact, following Boswijk (1996), identification is checked numerically by the rank of the appropriate Jacobian matrix.  
45

 Exogeneity is a very difficult concept in econometrics.  Hendry (1995) provides arguably one of the better textbook 

treatments of the subject.  Moreover, it will also be the case that if there are r ≤ (n – 1) cointegrating vectors in β, then this 

implies that the last (n – r) columns of α are zero.  Thus the typical problem faced, i.e., that of determining how many r ≤ (n – 

1) cointegrating vectors exist in β, is equivalent to testing which columns of α are zero.  More generally, each of the r non-zero 

columns of α contains information on which cointegrating vector enters which short-run equation and on the speed of the 

short-run response to disequilibrium.  
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where α* is equal to α with α1 = α2 = 0.  Note that the weakly exogenous variables Δ(m – p)t and Δyt 

remain in the long-run model (i.e., the cointegrating vector), although their short-run behaviour is not 

modelled because of their exclusion from the vector on the left-hand side of the equation.  

Weak exogeneity can be easily tested in EViews.  With Yt = ((m – p)t, yt , Rt)′, the VECM(3) that we 

have estimated has the following form: 
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with Π = αβ′, where: 
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Select the VAR window Estimate/VAR Type/Vector Error Correction, the tab VEC 

Restrictions and then click the box Impose Restrictions.  EViews stores the coefficients of the long-run 

cointegration model in a matrix called A.  The first index of A is the equation number of the VECM, while 

the second index is the number of the cointegration relation.  The number of rows of the matrix A 

correspond to the number of selected cointegration equations (one, in this case), and the columns of 

matrix A correspond to the variables according their listing.  In other words, the error-correction terms in 

the i-th VECM equation have the representation: 

 
 A(i,1)*CointEq1 + A(i,2)*CointEq2 + ... + A(i,r)*CointEqr 

 

such that A(2,1) is the adjustment coefficient of the first cointegrating equation in the second equation of 

the VECM.  

We saw in the presentation that it is only really applicable to use the single-equation approach when 

there is a single unique cointegrating vector and when all the right-hand side variables are weakly 

exogenous.  Weak exogeneity amounts to testing whether rows of the speed-of-adjustment matrix α are 

zero, and if such hypotheses are accepted the VECM can be re-specified by conditioning on the weakly 

exogenous variables.  Of course, where tests for weak exogeneity permit, moving down to the single-

equation approach can be justified after using the Johansen procedure.  

We test the null hypothesis that Δ(m – p)t and Δyt are weakly exogenous, which imposes two row 

restrictions on α, which are A(1,1) = 0 and A(2,1) = 0 (why?).  Multiple restrictions are entered 

by separating each restriction with a comma on the same line or typing each restriction on a separate line.  

Results can be found in Table 61. 
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Table 61: Weak exogeneity test results 
 

 Vector Error Correction Estimates  

 Sample (adjusted): 1904 1987  

 Included observations: 84 after adjustments 

 Standard errors in ( ) & t-statistics in [ ] 
    

Cointegration Restrictions:   

      A(1,1)=0   

      A(2,1)=0   

Convergence achieved after 4 iterations. 

Not all cointegrating vectors are identified 

LR test for binding restrictions (rank = 1):  

Chi-square(2)  0.908814   

Probability  0.634824   
    

Cointegrating Eq:  CointEq1   
    

RM(-1)  9.246859   

    

Y(-1) -9.276952   

    

R(-1)  1.090454   

    

C  6.969521   
    

Error Correction: D(RM) D(Y) D(R) 
    

CointEq1  0.000000  0.000000 -0.435584 

  (0.00000)  (0.00000)  (0.10733) 

 [ NA] [ NA] [-4.05853] 

 

While the weak exogeneity of Δ(m – p)t and Δyt cannot be rejected (p-value: 0.63), the two 

(binding) restrictions on α are not enough to uniquely identify the cointegrating vector, β.  We can see 

that the elements of β are not normalised.  In practice, therefore, testing for restrictions involving α should 

almost always be done alongside testing for restrictions that identify β, to which we now turn.   

 

6.5.2 Testing restrictions on β 

 

We already said that, having determined how many cointegrating vectors there are, it is necessary to 

consider whether they are unique and consequently whether they tell us anything about the structural 

economic relationships underlying the long-run model.  Therefore it will be necessary to impose 

restrictions motivated by economic arguments (e.g., that some of the βij are zero or that homogeneity 

restrictions are needed such as β1j = -β2j) and then test whether the columns of β are identified. 

For example, the coefficient on y in the cointegrating equation does not appear to be significantly 

different from one.  This restriction can be imposed – and tested – in a restricted VECM.  Select the VAR 

window Estimate/VAR Type/Vector Error Correction, the tab VEC Restrictions and then click the 

box Impose Restrictions.  EViews stores the coefficients of the long-run cointegration model in a matrix 

called B.  The number of rows of the matrix B correspond to the number of selected cointegration 

equations (one, in this case), and the columns of matrix B correspond to the variables according their 

listing.  The first index of B is the number of the cointegration equation and the second index in the 

variable number in that cointegration relation.
46

  In other words, the i-th cointegrating relation has the 

representation: 

                                                 
46

 Note that this indexing scheme corresponds to the transpose of β. 
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 B(i,1)*y1 + B(i,2)*y2 + ... + B(i,k)*yk 

 

where y1, y2, ... are the (lagged) endogenous variables.  

To impose linear restrictions on coefficients in the long-run cointegration equation, you would 

write B(1,1) = 1 (note that this corresponds to the identifying restriction that the coefficient on rm is 

equal to 1), B(1,2) = -1 (the coefficient on y is restricted to be equal to -1 – note the negative sign 

(why?)) and B(1,3) remains unrestricted.  Multiple restrictions are entered by separating each 

restriction with a comma on the same line or typing each restriction on a separate line.  

The results for the test of β = (1, -1, •) are given in Table 62. 

 

Table 62: Tests of linear restrictions on coefficient in the cointegrating relationship 
 

 Vector Error Correction Estimates  

 Sample (adjusted): 1904 1987  

 Included observations: 84 after adjustments 

 Standard errors in ( ) & t-statistics in [ ] 
    

Cointegration Restrictions:   

      B(1,1)=1,B(1,2)=-1  

Convergence achieved after 2 iterations. 

Restrictions identify all cointegrating vectors 

LR test for binding restrictions (rank = 1):  

Chi-square(1)  0.022181   

Probability  0.881607   
    

Cointegrating Eq:  CointEq1   
    

RM(-1)  1.000000   

    

Y(-1) -1.000000   

    

R(-1)  0.113760   

  (0.01015)   

 [ 11.2107]   

    

C  0.764858   

 

The statistical significance of this restriction is provided by the χ
2
(1) statistic.  Why does the test 

have one degree of freedom when we have two cointegration restrictions?  In addition to the identifying 

restriction that is required as a matter of fact (the coefficient on rm is set to unity), we have one additional 

binding restriction (on y).  In light of the fact that the probability value of 0.88 is above 0.05, we cannot 

reject the null hypothesis that the coefficient on y is equal to one.  In other words, the restriction β = (1,  

-1, •) cannot be rejected by the data and the one cointegrating vector would be given by β′Yt-1, which is: 
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Question 13: Show that the restriction β = (1, •, 0) can be rejected.   
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Answer 13: Allowing the coefficient on R to be zero (corresponding to the restrictions B(1,1) = 1 

and B(1,3) = 0) results in a restriction that can be rejected.  The output for this restriction is given in 

Table 63, confirming that the interest rate, R, is important and enters significantly into the cointegrating 

vector. 

 

Table 63: Tests of linear restrictions on coefficient in the cointegrating relationship 
 

 Vector Error Correction Estimates  

 Sample (adjusted): 1904 1987  

 Included observations: 84 after adjustments 

 Standard errors in ( ) & t-statistics in [ ] 
    

Cointegration Restrictions:   

      B(1,1)=1,B(1,3)=0  

Convergence achieved after 3 iterations. 

Restrictions identify all cointegrating vectors 

LR test for binding restrictions (rank = 1):  

Chi-square(1)  13.87359   

Probability  0.000196   
    

Cointegrating Eq:  CointEq1   
    

RM(-1)  1.000000   

    

Y(-1) -0.820919   

  (0.18882)   

 [-4.34755]   

    

R(-1)  0.000000   

    

C  0.864997   

 

6.5.3 Testing restrictions on α and β 

 

It is now possible to jointly test restrictions on both the cointegrating vector and the speed-of-

adjustment parameters.  But care is needed when doing this, since some forms of constraint on α can 

induce a failure of identification of β and vice versa.  Having obtained results that cannot reject the 

hypotheses that H0: α1 = α2 = 0 and that the vector in β comprises (1, -1, •), these two restrictions can now 

be pooled.  

To impose the additional restrictions on coefficients in the long-run cointegration equation, you 

would impose B(1,1) = 1, B(1,2) = -1, A(1,1) = 0, A(2,1) = 0.  Note that the 

restrictions on β and α must be independent.  

The results for the test of α = (0, 0, •) conditional on β = (1, -1, •) are given in Table 64. 
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Table 64: Tests of linear restrictions on coefficient in the cointegrating relationship 
 

 Vector Error Correction Estimates  

 Sample (adjusted): 1904 1987  

 Included observations: 84 after adjustments 

 Standard errors in ( ) & t-statistics in [ ] 
    

Cointegration Restrictions:   

      B(1,1)=1,B(1,2)=-1,A(1,1)=0,A(2,1)=0 

Convergence achieved after 5 iterations. 

Restrictions identify all cointegrating vectors 

LR test for binding restrictions (rank = 1):  

Chi-square(3)  0.915478   

Probability  0.821691   
    

Cointegrating Eq:  CointEq1   
    

RM(-1)  1.000000   

    

Y(-1) -1.000000   

    

R(-1)  0.117517   

  (0.01076)   

 [ 10.9256]   

    

C  0.748180   
    

Error Correction: D(RM) D(Y) D(R) 
    

CointEq1  0.000000  0.000000 -4.049285 

  (0.00000)  (0.00000)  (0.99774) 

 [ NA] [ NA] [-4.05844] 

 

The overall likelihood-ratio test resulting from combining the restrictions on α and β does not 

significantly reject the null (p-value: 0.82) and therefore these joint restrictions are satisfied and identify 

all cointegrating vectors. 

So far, we have assumed that a long-run relationship exists in terms of (m – p)t as the dependent 

variable.  But results so far have shown that we may be able to re-formulate the model in terms of 

velocity, (y – (m – p))t, and the nominal interest rate only.  This is what the next set of tests does, which 

moves the unit coefficient from the first two elements of β to the last element of β.  Results of restricted 

cointegration tests can be obtained by bringing up the VEC Restrictions tab and entering the restrictions 

in the edit box that appears when you check the Impose Restrictions box.  If you impose restrictions in 

the Cointegration Test view, the top portion of the output will display the unrestricted tests results that 

we have discussed before.  The second part of the output begins by displaying the results of the 

likelihood-ratio test for binding restrictions, as shown in Table 65. 

 

Table 65: Tests of linear restrictions on coefficient in the cointegrating relationship 
 

Restrictions:     
     
b(1,3)=1    

a(1,1)=0    

a(2,1)=0    
     

     

Tests of cointegration restrictions:   
     

Hypothesized Restricted LR Degrees of  
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No. of CE(s) Log-likehood Statistic Freedom Probability 
     

1  155.6356  0.908814 2  0.634824 

2  157.9916  0.183378 1  0.668486 
     

 

In the output displayed above, we see that the three restrictions are binding for both one and two 

cointegrating vectors.  Conditional on there being either one or two cointegrating vectors, the likelihood-

ratio test does not reject the imposed restrictions at conventional levels.   

The output also reports the estimated β and α imposing the restrictions.  Since the cointegration test 

does not specify the number of cointegrating relations, results for all ranks that are consistent with the 

specified restrictions will be displayed by scrolling down further in the same table (reproduced below as 

Table 66).  

 

Table 66: Tests of linear restrictions on coefficient in the cointegrating relationship 
 

1 Cointegrating Equation(s): Convergence achieved after 4 iterations. 
     
Restricted cointegrating coefficients (standard error in parentheses) 

RM Y R   

 8.479835 -8.507429  1.000000   

 (0.93516)  (0.86269)  (0.00000)   

     

Adjustment coefficients (standard error in parentheses)  

D(RM)  0.000000    

  (0.00000)    

D(Y)  0.000000    

  (0.00000)    

D(R) -0.474985    

  (0.11703)    
     
2 Cointegrating Equation(s): Convergence achieved after 26 iterations. 
     
Restricted cointegrating coefficients (not all coefficients are identified) 

RM Y R   

 127.3187 -105.4048  1.000000   

 23.78478 -21.74031  1.473073   

     

Adjustment coefficients (standard error in parentheses)  

D(RM)  0.000000 -0.001597   

  (0.00000)  (0.00181)   

D(Y)  0.000000  0.003327   

  (0.00000)  (0.00214)   

D(R)  0.032755 -0.308093   

  (0.00865)  (0.08727)   
     

 

Note that the one cointegrating vector has now been normalised on the nominal interest rate rather 

than real money.  But we could take this even one step further by noting that the coefficients on rm and y 

are almost of equal magnitude and opposite sign.  Imposing the restriction β1 = -β2 leads to the results 

displayed in Table 67, which cannot be rejected. 
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Table 67: Tests of linear restrictions on coefficient in the cointegrating relationship 
 

Restrictions:     
     
b(1,3)=1    

b(1,1)=-b(1,2)    

a(1,1)=0    

a(2,1)=0    
     

     

Tests of cointegration restrictions:   
     

Hypothesized Restricted LR Degrees of  

No. of CE(s) Log-likehood Statistic Freedom Probability 
     

1  155.6323  0.915478 3  0.821691 

2  157.5387  1.089189 2  0.580077 
     

     

1 Cointegrating Equation(s): Convergence achieved after 3 iterations. 
     
Restricted cointegrating coefficients (standard error in parentheses) 

RM Y R   

 8.509276 -8.509276  1.000000   

 (0.86114)  (0.86114)  (0.00000)   

     

Adjustment coefficients (standard error in parentheses)  

D(RM)  0.000000    

  (0.00000)    

D(Y)  0.000000    

  (0.00000)    

D(R) -0.475860    

  (0.11725)    
     

 

With the constant, the cointegrating relationship is given in Table 68.  

 

Table 68: Tests of linear restrictions on coefficient in the cointegrating relationship 
 

 Vector Error Correction Estimates  

 Sample (adjusted): 1904 1987  

 Included observations: 84 after adjustments 

 Standard errors in ( ) & t-statistics in [ ] 
    

Cointegration Restrictions:   

      B(1,3)=1   

      B(1,1)=-B(1,2)  

      A(1,1)=0   

      A(2,1)=0   

Convergence achieved after 3 iterations. 

Restrictions identify all cointegrating vectors 

LR test for binding restrictions (rank = 1):  

Chi-square(3)  0.915478   

Probability  0.821691   
    

Cointegrating Eq:  CointEq1   
    

RM(-1)  8.509276   

  (0.86114)   

 [ 9.88146]   
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Y(-1) -8.509276   

  (0.86114)   

 [-9.88146]   

    

R(-1)  1.000000   

    

C  6.366410   
    

Error Correction: D(RM) D(Y) D(R) 
    

CointEq1  0.000000  0.000000 -0.475860 

  (0.00000)  (0.00000)  (0.11725) 

 [ NA] [ NA] [-4.05845] 

 

7 Assessing instability in the estimated money-demand equation* 

 

Stock and Watson (1993) also assessed the stability of the estimates of the money-demand equation.  

They did so by splitting the full sample into two sub-samples, which correspond to 1900 to 1945 and 

1946 to 1989.  The sub-samples were chosen both because of the natural break at the end of World War II 

and because they divided the full sample nearly in two.  Subsequently, they estimated separate money-

demand equations for the two sub-periods.   

The following tables reproduce the SOLS, DOLS, PHFM (FMOLS) and JOH(3) results from Table 

III.A in Stock and Watson (1993).  

 

Table 69: SOLS for first sub-period (adjusted sample: 1903-1945) 
 

Dependent Variable: RM   

Method: Least Squares   

Sample: 1903 1945   

Included observations: 43   
     

 Coefficient Std. Error t-Statistic Prob.   
     

C -0.755397 0.120025 -6.293687 0.0000 

Y 0.918957 0.057125 16.08666 0.0000 

R -0.084950 0.010112 -8.401099 0.0000 
     

 

Table 70: SOLS for second sub-period (adjusted sample: 1946-1987) 
 

Dependent Variable: RM   

Method: Least Squares   

Sample: 1946 1987   

Included observations: 42   
     

 Coefficient Std. Error t-Statistic Prob.   
     

C 1.096895 0.098262 11.16299 0.0000 

Y 0.191651 0.040081 4.781538 0.0000 

R -0.015768 0.004484 -3.516261 0.0011 
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Table 71: DOLS results for c, y and R  

for first sub-period (1903-1945) with adjusted standard errors 
 

Dependent Variable: RM   

Method: Dynamic Least Squares (DOLS)  

Sample: 1903 1945   

Included observations: 43   

Cointegrating equation deterministics: C   

Fixed leads and lags specification (lead=2, lag=2) 

Long-run variance estimate (Prewhitening with lags = 2, None kernel) 
     

Variable Coefficient Std. Error t-Statistic Prob.   
     

Y 0.887148 0.187483 4.731887 0.0000 

R -0.103519 0.036439 -2.840892 0.0080 

C -0.621501 0.420532 -1.477894 0.1499 
     

R-squared 0.969686     Mean dependent var 0.439836 

Adjusted R-squared 0.957560     S.D. dependent var 0.465833 

S.E. of regression 0.095966     Sum squared resid 0.276282 

Durbin-Watson stat 0.518702     Long-run variance 0.064252 
     

 

Table 72: DOLS results for c, y and R  

for second sub-period (1946-1987) with adjusted standard errors: 
 

Dependent Variable: RM   

Method: Dynamic Least Squares (DOLS)  

Sample: 1946 1987   

Included observations: 42   

Cointegrating equation deterministics: C   

Fixed leads and lags specification (lead=2, lag=2) 

Long-run variance estimate (Prewhitening with lags = 2, None kernel) 
     

Variable Coefficient Std. Error t-Statistic Prob.   
     

Y 0.269320 0.202548 1.329661 0.1940 

R -0.027118 0.024110 -1.124764 0.2699 

C 0.965825 0.466954 2.068350 0.0476 
     

 

Table 73: FMOLS results for c, y and R for first sub-period (1903-1945) 
 

Dependent Variable: RM   

Method: Fully Modified Least Squares (FMOLS)  

Sample: 1903 1945   

Included observations: 43   

Cointegrating equation deterministics: C   

Long-run covariance estimate (Bartlett kernel, User bandwidth = 5.0000) 
     

Variable Coefficient Std. Error t-Statistic Prob.   
     

Y 0.897830 0.085576 10.49155 0.0000 

R -0.094962 0.015148 -6.268962 0.0000 

C -0.684271 0.179802 -3.805685 0.0005 
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Table 74: FMOLS results for c, y and R for second sub-period (1946-1987) 
 

Dependent Variable: RM   

Method: Fully Modified Least Squares (FMOLS)  

Sample: 1946 1987   

Included observations: 42   

Cointegrating equation deterministics: C   

Long-run covariance estimate (Bartlett kernel, User bandwidth = 5.0000) 
     

Variable Coefficient Std. Error t-Statistic Prob.   
     

Y 0.201917 0.056471 3.575606 0.0010 

R -0.018023 0.006318 -2.852695 0.0069 

C 1.084247 0.138441 7.831834 0.0000 
     

 

Table 75: JOH(3) estimation results for the first sub-period  

(adjusted sample: 1903-1945) – Model 3 
 

 Vector Error Correction Estimates  

 Sample (adjusted): 1904 1945  

 Included observations: 42 after adjustments 

 Standard errors in ( ) & t-statistics in [ ] 
    

Cointegrating Eq:  CointEq1   
    

RM(-1)  1.000000   

    

Y(-1) -0.839137   

  (0.21283)   

 [-3.94276]   

    

R(-1) -0.081019   

  (0.04939)   

 [-1.64046]   

    

C  1.228544   

 

Table 76: JOH(3) estimation results for the second sub-period  

(adjusted sample: 1946-1987) – Model 3 
 

 Vector Error Correction Estimates  

 Sample: 1946 1987  

 Included observations: 42  

 Standard errors in ( ) & t-statistics in [ ] 
    

Cointegrating Eq:  CointEq1   
    

RM(-1)  1.000000   

    

Y(-1)  3.139554   

  (0.97515)   

 [ 3.21957]   

    

R(-1) -0.472271   

  (0.11697)   
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 [-4.03739]   

    

C -8.210847   

 

Overall, using only the first half of the sample, the efficient estimators provide smaller income 

elasticities and comparable interest elasticities than over the full sample, but the differences are slight.  In 

sharp contrast to the first-half estimates, the post-war estimates differ greatly across estimators.  For 

example, the SOLS and DOLS estimates are close to zero and the JOH(3) estimates have the wrong sign.  

Despite this evidence of very different results in the second sub-sample as compared to the full 

sample, Lucas (1988) argues that estimates like these are consistent with a stable demand for money with 

a unitary income elasticity.  To support his view, he pointed to the evidence depicted in Figure 4, which 

plots yt – mt + pt (log velocity, which would be the dependent variable in the money demand equation (1) 

if the income elasticity θy were set to unity) against the interest rate, with the observations from the first 

sample (the blue diamonds) from the second half of the sample (the pink squares).  The striking feature is 

that, although interest rates in the first part of the sample are substantially higher, observations in the 

second part of the sample lie – more or less – on the line defined by the observations from the first part of 

the sample.   

 

Figure 4: Scatter plot of log velocity against the interest rate  

in the two sub-samples (1903-1945, 1946-1987) 
 

 
 

This finding suggests that the estimates based on the second part of the sample suffer from the near 

multicollinearity problem: because of the similar trends in y and R in the second part of the sample, θy 

and θR estimated on data from the second sample are strongly correlated.  Even though for each 

coefficient the first estimate of (θy, θR) is different from the second estimate, they may not be jointly 

significantly different.   

Such a possibility could be easily checked by the Chow test of structural change (at least if the 

regressors were stationary).  In the Chow test, we would estimate: 

 

 mt – pt = θ0 + θyyt + θRRt + δ0Dt + δyytDt + δRRtDt + εt (40) 

 

where Dt is a dummy variable whose value is one if t ≥ X and zero otherwise.  Thus, the coefficients on 

the constant, yt and Rt are (θ0, θy, θR) until time X and (θ0 + δ0, θy + δy, θR + δR) thereafter.  If the 

regressors were stationary, the Wald statistic for the null hypothesis that δ0 = 0, δy = 0 and δR = 0 is 
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asymptotically distributed as χ
2
(3) as both samples grow larger with the relative size held constant.  But in 

the present case, where regressors are I(1) and (not) cointegrated, it has been shown by Hansen (1992, 

Theorem 3(a)) that the Wald statistic (properly rescaled if necessary) has the same asymptotic χ
2
-

distribution if the parameters of the cointegrating regression are estimated by an efficient method such as 

DOLS (which adds Δyt, ΔRt and their leads and lags to the cointegrating regression (12)), fully modified 

OLS (FMOLS) due to Philips and Hansen (1990) or Johansen’s maximum likelihood approach.  An 

insignificant Wald statistic of the null hypothesis that the coefficients on that δ0, δy and δR are equal to 

zero would support Lucas’ view that the money demand equation (1) has been stable over the estimation 

period.  

Stock and Watson (1993) set the break date X = 1946 and estimate: 

 

 mt – pt = θ0 + θyyt + θRRt + δy(yt – y1945)Dt + δR(Rt – R1945)Dt + dy(L)∆yt + dR(L)∆Rt + εt (41) 

 

to obtain the following results in Table III.B of their paper, reproduced here as Table 77. 

 

Table 77: Tests for breaks in the cointegrating vector based on DOLS 
 

 
 

To replicate the results from the above table, we estimate the following model using DOLS with 

two lags and leads.  To carry out the formal test, based on equation (41), we need to create a dummy for 

the post-1945 period as well as dummied versions of y and R.  These are called delta0, ystar and 

rstar and can already be found in the workfile.  As can be seen from double-clicking and opening 

delta0, the series is equal to zero until 1945 and equal to one thereafter.  The remaining two dummy 

series, y1945 and r1945, are defined as y1945 = y – 2.329062 and r1945 = r – 0.75, 

where 2.329062 and 0.75 are the values for y and R in 1945 respectively.  The DOLS estimates of 

equation (41), augmented with two leads and lags of Δy and ΔR, are shown in Table 78.   

 

Table 78: DOLS estimation results for the long-run money-demand equation  

allowing for a potential break in 1945 
 

Dependent Variable: RM   

Method: Dynamic Least Squares (DOLS)  

Sample: 1903 1987   

Included observations: 85   

Cointegrating equation deterministics: C DELTA0*YSTAR DELTA0*RSTAR  

Fixed leads and lags specification (lead=2, lag=2) 

Long-run variance estimate (Prewhitening with lags = 2, None kernel) 
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Variable Coefficient Std. Error t-Statistic Prob.   
     

Y 1.046515 0.161113 6.495516 0.0000 

R -0.090169 0.033714 -2.674565 0.0093 

C -0.913782 0.383052 -2.385528 0.0198 

DELTA0*Y1945 -0.500163 0.405585 -1.233189 0.2216 

DELTA0*R1945 0.040257 0.044117 0.912503 0.3646 
     

R-squared 0.985552     Mean dependent var 1.000538 

Adjusted R-squared 0.982663     S.D. dependent var 0.660435 

S.E. of regression 0.086960     Sum squared resid 0.529338 

Durbin-Watson stat 0.280019     Long-run variance 0.074323 
     

 

The result for the subsequent χ
2
(2) Wald test that the two dummy variables, delta0*y1945 and 

delta0*r1945, are jointly zero is given in Table 79. 

 

Table 79: Wald test of the joint significance of the  

two dummy variables delta0*y1945 and delta0*r1945 
 

Wald Test:   

Equation: Untitled  
    

Test Statistic Value df Probability 
    

F-statistic  0.885078 (2, 70)  0.4172 

Chi-square  1.770157  2  0.4127 
    
    

Null Hypothesis: C(4)=0,C(5)=0  

Null Hypothesis Summary:  
    

Normalized Restriction (= 0) Value Std. Err. 
    

C(4) -0.500163  0.405585 

C(5)  0.040257  0.044117 
    

Restrictions are linear in coefficients. 

 

The Wald statistic of χ
2
(2) = 1.77 has a p-value of 0.41, indicating that we cannot reject the null 

hypothesis that the dummy variables are equal to zero.  The insignificant Wald statistic supports Lucas’ 

(1988) view that the money demand equation (1) has been stable over the estimation period. 

 

8 Summary 

 

Even if economic theory does not suggest specific values for the elements of the cointegrating 

vector, it is still important to check whether the estimated cointegrated relationship(s) make sense in 

practice.  Remember that cointegration tests can be misleading for a number of reasons, such as 

improperly rejecting the null hypothesis of no cointegration more frequently than they should as well as 

frequently failing to reject the null hypothesis.  For that reason, it is especially important to rely on 

economic theory, institutional knowledge and common sense when estimating and using cointegrating 

relationships.  Marcellino (1999) argues that integration and cointegration properties are invariant across 

different levels of aggregation of time series, which implies that if the annual series has a unit root, so will 

the quarterly series, and if two annual series are cointegrated, the same applies to the two quarterly series. 

Moreover, when estimating cointegrating vectors, it can be useful to use more than one 

(asymptotically efficient) estimator.  In the pre-war data and in the full data set, the estimators produced 
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qualitatively and statistically close estimates, but when only the post-war annual data were used the 

estimates differed substantially.  This divergence has signalled the need for further analysis of the post-

war relationship.   
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