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1 Introduction 

 

Many of the theoretical models we now commonly work with are designed to explain or 

replicate cyclical features of actual data.  Indeed, understanding macroeconomic fluctuations 

entails the study of an economy’s output relative to its trend or potential output, where the 

difference of the two is referred to as the output gap.  Starting with Lucas (1977), 

macroeconomists have obtained cyclical information by eliminating the permanent 

component (the ‘trend’) of the data.  The latter is typically thought to be unrelated to those 

features that the theoretical models are interested in explaining, including the cycle.  

This throws up a quandary as most economic time series display trends or marked 

growth patterns that make it difficult to discern what the cyclical properties of the data are.  

Added to this is the fact that dynamic economic theory is silent on both the type of trend a 

series may display and the exact relationship between the trend and the cyclical component.  

As such, theoretical models have been proposed where the long-run component may be either 

stochastic or deterministic and may or may not be related to the cyclical component.   

Another problem arises in practice since trends and cycles are usually unobservable, 

meaning that assumptions are needed to split observable time series into these two 

components.  Different assumptions give rise to different feasible models, and it is frequently 

extremely difficult to formally choose among alternatives with a finite set of data.  This also 

means that it will be impossible to use formal statistical criteria to assess the optimality of one 

or more of the many approaches to extracting cyclical information.  

This practical guide is all about the removal of trends, the isolation of cycles and 

therefore the process of obtaining cyclical information from actual data using state-space 

models and the Kalman filter.  It should be obvious that the isolation of cycles is closely 

related to the removal of trends.  As such, for a time series exhibiting cyclical deviations 

about a trend, the identification of the trend automatically serves to identify the cyclical 

deviations as well.  But it may be the case that even after the separation of trend from cycle is 

accomplished, additional steps may be necessary to isolate cycles according to the frequency 

of their recurrence.  For example, patterns of fluctuations in the data can recur at business-

cycle frequencies, generally thought to lie between six and 24-32 quarters, as well as at 

seasonal frequencies.
1
  In other words, unless additional steps are taken, the removal of a 

trend will leave seasonal fluctuations intact, and their presence can have a detrimental impact 

on inferences involving business-cycle behaviour.
2
  

 

2 The output gap 

 

Potential output – and hence the output gap – is arguably the most important 

unobservable variable that central banks use regularly.  Not only does the growth rate of 

potential output shed light on the prospects for the domestic economy’s economic growth, but 

the output gap is a key measure of inflationary pressures.  In fact, Stock and Watson (1999b) 

                                                           
1
 Many of the business cycles reported by either the National Bureau of Economic Research (NBER) in the US 

or the Centre for Economic Policy Research (CEPR) in Europe have a periodicity which falls, at least 

approximately, in this range.  In fact, the taxonomy employed by the NBER to officially date business cycles in 

the US describes fluctuations with periodicity between 2 and 6 years as such.  In addition, conventional wisdom 

has it that no complete cycle (in the US) has exceeded 8 years in length.  This makes variability at frequencies 

corresponding to cycles of 6 to 24-32 quarters of crucial economic importance.  
2
 This is the reason why the trend-cycle decomposition literature prefers to work with seasonally-adjusted (real) 

GDP data. 
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argue that, if we could only choose one variable to best represent the state of the economy, 

that variable would be GDP.  They go on to claim that ‘…fluctuations in aggregate output are 

at the core of the business cycle so that the cyclical component of real GDP is a useful proxy 

for the overall business cycle… (p. 15)’. 

Quite generally, the output gap, yt
g
, is defined as the deviation of actual output, yt, from 

its potential level, yt
p
, such that potential output and the output gap sum to actual output: 

 

 yt = yt
p
 + yt

g
 (1) 

 

The literature has proposed different definitions of potential output, including the 

maximum output that can be produced under full employment (Okun (1962)), the maximum 

amount of output that can be produced without causing inflationary pressures, the maximum 

amount of output that can be produced making full use of all factors of production (such as 

capital, labour, technology, etc.) and the equilibrium level of output that would prevail in 

DSGE models when all prices are flexible.  A useful description of the historical development 

of the output gap concept, including the different definitions, can be found in Congdon 

(2008). 

The different definitions of yt
p
 demand different methods of estimating yt

g
, and any one 

method of estimating potential output depends on numerous assumptions that are subject to 

uncertainty and error.  Still, the estimated output gap measure should capture a number of 

stylised facts in line with traditional descriptions of economic activity in the country.  

Moreover, for any economy, a useful output gap measure should have good end-point 

properties (in the case of filter-based methods, such as those due to Hodrick and Prescott 

(1997), Baxter and King (1999) and Christiano and Fitzgerald (2003)) and be stable, that is, it 

should adequately characterise the current state of the economy.  Furthermore, the assessment 

should not change substantially as new data become available.  

In cases where one or more sectors dominate the economy, such as natural resources 

(mining, agriculture and fishing), additional constraints apply.  In economies dependent on 

primary commodities, variations in commodity production are usually outside policymakers’ 

control and are best thought of as structural changes that affect potential GDP.  In this case, it 

is worth measuring the output gap for overall GDP and GDP with the dominant sectors 

excluded.  As movements in sectoral GDP should appropriately be captured in the trend and 

not the cyclical component, a good output gap measure should yield similar results for both 

overall GDP and the sectoral measures of GDP.
3
  In other words, a proper output gap measure 

should be similar for the different data series since the output gap should exclude structural 

movements.  Indeed, this can be used as an additional criterion in evaluating output gap 

measures for the economy under investigation.  

The empirical and policy-oriented trend-cycle decomposition literature in emerging 

market and developing economies either resorts to the Hodrick-Prescott filter or a battery of 

output gap measures for robustness.  At the same time, Billmeier (2004) concluded that an 

output gap rarely provides useful information on domestic inflationary pressures for inflation 

forecasting and that there is no single best output gap measure across (five European) 

countries.  This finding of no trend-cycle decomposition model being universally optimal 

holds more generally and there is no general consensus on which method is best.  Even the 

passage of time and increasing econometric sophistication is no help in this.  Chiu and 

                                                           
3
 Magud and Medina (2011) analyse the differences in potential output in the natural-resource and non-natural-

resource sectors in Chile and the non-linear contributions to potential growth of the different sectors.  

http://cowles.econ.yale.edu/P/cp/p01b/p0190.pdf
http://www.imf.org/external/pubs/ft/wp/2004/wp04146.pdf
http://www.bankofengland.co.uk/research/Documents/externalmpcpapers/extmpcpaper0036.pdf
http://www.imf.org/external/pubs/ft/wp/2011/wp1102.pdf
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Wieladek (2012), for example, document that the accuracy of real-time estimates of the 

output gap produced by the OECD for its member countries has not improved over time.  

The aim of this practical guide is to highlight potential output and output gap estimates 

for Kenya using a particular subset of the many different techniques that are generally 

available, namely the state-space representation and the Kalman filter.
4
   

We assume that an economic time series, yt, where lowercase letters denote the natural 

logarithm of the series in levels, can be conveniently represented by the following trend-cycle 

decomposition: 

 

 yt = τt + ct (2) 

 

where τt represents the trend, which can be either deterministic or stochastic; ct represents a 

possibly stochastic cyclical component; and τt and ct are independent (‘orthogonal’).  Even 

when there is no major structural break in the economy, estimation of the output gap involves 

some margin of error due to measurement issues and the difficulty in identifying temporary 

demand factors, meaning that we occasionally add an irregular (error) component, εt, to 

equation (2): 

 

 yt = τt + ct + εt (3) 

 

where εt represents an irregular (error) component that is distributed as εt ~ iid N(0, σε
2
) and 

uncorrelated with both τt and ct.  

 

3 The data 

 

The underlying data throughout this practical illustration of state-space and Kalman 

filter methods for trend-cycle decomposition are the natural logarithm of (seasonally-

adjusted) quarterly real GDP for Kenya over the period from 2000 Q1 to 2013 Q3, a graph of 

which is shown in Figure 1.  The data series was obtained from the website of Kenya’s 

National Bureau of Statistics and is denoted as lrgdp_sa in the EViews workfile called 

gdp_kenya.wf1.  In order to access the underlying data, open EViews and choose File, 

Open, EViews Workfile…, select gdp_kenya.wf1 in the appropriate folder where the data is 

stored and click Open (make sure that you update the default directory by checking the small 

box).  Alternatively, you can double-click on the workfile icon outside of EViews, which will 

open EViews automatically.   
The plot of real (seasonally-adjusted) Kenyan GDP displays many of the stylised facts 

we would expect to find in an output series.  Very broadly speaking, we find an overall 

upward trend in the underlying data series for the period under investigation.  There appears 

to be some (admittedly weak) visual evidence for a structural break in the rate of real GDP 

growth in 2002, and the series displays a fair amount of cyclical fluctuation.  The question of 

whether a trend represented by a (linear or polynomial) function of time might provide a good 

approximation to trend growth is an empirical issue. 

 

 

                                                           
4
 The IMF (2010) suggests that if ‘…different approaches point to divergent assessments, a risk management 

approach could be given greater emphasis, with attention paid not just to the central forecast, but also to the error 

band around it (p. 4)’.  

http://www.bankofengland.co.uk/research/Documents/externalmpcpapers/extmpcpaper0036.pdf
http://www.imf.org/external/pubs/ft/scr/2010/cr10337.pdf
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Figure 1: Log of real (seasonally-adjusted) GDP for Kenya, 2000 Q1 – 2013 Q3 
 

 
 

For the multivariate state-space model part of this exercise, we will also be using 

quarterly CPI inflation data for Kenya over the same sample period.  The source of the data is 

the IMF’s International Financial Statistics database.  This series is denoted as inflation 

in the same EViews workfile. 

 

4 Extracting a cycle from macroeconomic time series 

 

Canova (2007) differentiates between three different approaches to cycle extraction: 

statistical methods, economic methods and hybrid methods.  The first approach includes 

procedures that have a statistical or a probabilistic justification and generally uses time-series 

assumptions on the observables or the trend to measure the cycle.  The second approach relies 

on economic theory to extract the cycle.  As such, the cycles we obtain using these methods 

have relevance only to the extent that the theoretical model used is a valid approximation to 

the true underlying data-generating process (DGP).  The final approach uses procedures that 

are statistical in nature, but that have an economic justification of some sort.  

The rest of the practical guide will be concerned with cycle extraction using selected 

statistical methods that use the state-space and Kalman filtering approach.  The unilateral 

statistical approach relies solely on output data and seeks to decompose output into potential 

output and a residual series, the output gap.  This can be done either by simple detrending or 

by applying filtering techniques to the output data.  Multivariate statistical approaches 

augment output data with a larger data of macroeconomic variables. 

 

4.1 An interlude on detrending versus filtering 

 

Before we look at state-space and Kalman filter approaches to cycle extraction in more 

detail, it is worth highlighting a subtle, yet important, difference between detrending and 

filtering.  The former involves eliminating the trend from the series, while the latter directly 

extracts the cyclical component of the series.  In other words, detrending is an intermediate 

(or indirect) step in cycle extraction.  As such, they are operationally different.  
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4.1.1 Detrending 

 

In a naïve approach to detrending, the sustained upward trend in real GDP in Figure 1 

could be captured by a simple linear trend.  In fact, the trend was traditionally taken to be 

deterministic and the cyclical component was extracted as the residual of a regression of the 

series under observation, yt, on a function of time.  Since the trend is deterministic, the growth 

rate of yt needs to be time-invariant, i.e., constant, although the latter problem can be partially 

eliminated if we allow for structural breaks at pre-selected points.  The latter gives rise to a 

segmented trend specification.  

But the deterministic trend assumption is controversial, since it implies a deterministic 

long-run growth rate of the real economy.  Adherents to the real business cycle school argue 

that technological advancements have permanent effects on the trend displayed by the 

macroeconomy.  Since these technological innovations are thought to be stochastic, the trend 

inherent in real GDP should reflect this underlying randomness.  

 

4.1.2 Filtering 

 

The problem with mechanical detrending is that the trend may not be deterministic, as 

we have assumed above.   

But in addition to detrending, time series can also be filtered to extract or eliminate 

special features or components.
5
  In general, a filter is a function of a time series that 

transforms it into another series.  In practice, many filters are linear functions.  As such, linear 

filters take a possibly two-sided moving average of an original data set of T observations, yt = 

(y1, y2, … , yT) to create a new time series, xt: 

 

 



l

ki

itit yωx  (4) 

 

where the filter is defined by the two positive integers k and l and the weights (ω-k, … , ω0, … 

, ωl).  The weights ωi are frequently chosen to add up to one to ensure that the level of the 

series is maintained.  The many filters employed in the empirical literature differ in their 

choice of k and l and their particular specification of the ωi’s.  The ideal filter has a two-sided 

infinite moving-average representation such that i goes from k = -∞ to l = ∞ and where 

symmetry is imposed (ωi = ω-i) to avoid the filter inducing a phase shift.  Such an ideal filter 

is clearly not feasible with the limited sets of data that we have at our disposal. 

 

4.2 A baseline trend-cycle decomposition for comparison: the Hodrick-Prescott filter 

 

Prior to extracting cycles using the state-space method and the Kalman filter as the 

statistical method of choice for trend-cycle decomposition, it is illustrative to have a baseline 

method for comparison.  We will use the widely-employed Hodrick-Prescott filter for this 

purpose. 

Suppose you observe the values y1 through yT of a dependent variable, yt, and want to 

decompose the series into a trend, τt, and stationary component ct = yt – τt.  Probably the most 

widely-used method to decompose a GDP series into trend and cycle is the filter due to 

                                                           
5
 A trend-cycle decomposition would be an example of extraction, while seasonal adjustment would be an 

example of elimination.  
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Hodrick and Prescott (1997), which allows for time variation in the trend estimate.
6
  Its main 

strength lies in its simplicity.
7
   

The unobservable output gap (denoted hp_cycle) is computed using the natural 

logarithm of (seasonally-adjusted) real GDP (lrgdp_sa), which has been de-trended using 

the Hodrick-Prescott (HP) filter.  To smooth the series lrgdp_sa with the HP filter, double-

click on the series’ name to open it and choose Proc/Hodrick-Prescott Filter…, which 

opens up the Hodrick-Prescott Filter dialog box.  We can provide a name for both the 

smoothed and the cycle series.  EViews will suggest a name for the smoothed series, but I 

have chosen to call them hp_trend and hp_cycle respectively.  EViews has recognised 

the fact that the data are quarterly, so has specified a value of 1600 for the smoothing 

parameter, λ, automatically.  You may specify any other value for λ directly or use the 

frequency power rule of Ravn and Uhlig (2002) – we will estimate the value of λ in Section 7 

below to assess the robustness of the results to the choice of λ.  Upon clicking OK, EViews 

will display a graph of the filtered series together with the original series.  We also note that 

the workfile now contains the additional two series that we have created (hp_trend and 

hp_cycle).  

Alternatively, the EViews instruction when using the command line is either: 

 
lrgdp_sa.hpf(1600) hp_trend @ hp_cycle 

 

when you want to extract both the smoothed trend and the cycle series (which will again be 

given the name of hp_trend and hp_cycle in the workfile respectively ) or simply: 

 
lrgdp_sa.hpf(1600) hp_trend 

 

when you only want the smoothed trend series, after which you obviously need to manually 

define the output gap as the difference between the two series: 

 
hp_cycle = lrgdp_sa – hp_trend 

 

The output gap (hp_cycle) using either of the two approaches above is shown in 

Figure 2. 

 

 

 

 

 

 

 

 

 

                                                           
6
 Canova (1998, p. 485) also argues that ‘The popularity of the HP filter among applied macroeconomists results 

from…[the fact that the] implied trend line resembles what an analyst would draw by hand through the plot of 

the data’.  In addition, Canova (1999) points out that the HP-extracted business-cycle movements for the US 

resemble the NBER-backed recession definitions.  
7
 Mise et al. (2005) show that the HP filter is optimal for a wide class of time series. 
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Figure 2: Kenyan output gap (calculated using the Hodrick-Prescott filter),  

2000 Q1 – 2013 Q3 
 

 
 

Figure 2 shows that this particular output gap measure has been quite volatile, 

fluctuating in a band from roughly -3.5 to 3.5 per cent since 2000 Q1.  We can see that – 

according to this measure – the estimated output gap has been relatively small and fluctuating 

around zero since 2010. 

But we should be aware that the assessment of the difference between the trend and the 

actual data might change substantially when new data is added.  This makes the HP filtered 

series a problematic output gap measure as it fails to correctly measure the current state of 

the economy relative to potential and hence may lead to inappropriate policy decisions.
8
  As 

suggested in Mise et al. (2005), the end-point problem with the HP-filter can be avoided if a 

sufficient number of GDP forecasts are available that can be included in the underlying data 

series.
9
  Sufficient in this context generally refers to 28 quarters or seven years.  By having 

data beyond the end of the sample period of actual data, the endpoint problems associated 

with the HP-filter are avoided (Mise et al. (2005)).  Note that the end-point problem can be 

serious.  The main source of revisions in output gap estimates is due to the pervasive 

unreliability of end-of-sample estimates, be it using the HP filter or the so-called band-pass 

filters (Orphanides and van Norden (2002)).  The question of whether end-point problems are 

serious or not has been partially addressed in Watson (2007), who concluded that future 

values were critical to accurately separate the trend from the fluctuations for series showing 

serially correlated fluctuations around a slowly evolving trend.   

 

 

 

                                                           
8
 An apocryphal description of just such a policy error on account of a misleading potential output estimate is 

given in Orphanides (2002).  He makes the argument that the Fed believed the output gap in the 1970’s to be 

much more negative than it really was, which led policymakers to take action that overheated the economy and 

contributed to an inflationary surge. 
9
 Watson (2007) finds similar results when estimating the trend with a band-pass filter. 

-.04

-.03

-.02

-.01

.00

.01

.02

.03

.04

00 01 02 03 04 05 06 07 08 09 10 11 12 13

HP_CYCLE

https://www.richmondfed.org/publications/research/economic_quarterly/2007/spring/pdf/watson.pdf
https://www.richmondfed.org/publications/research/economic_quarterly/2007/spring/pdf/watson.pdf


 

ole.rummel@bankofengland.co.uk 10  ©Bank of England 

 

The Bank of England does not accept any liability for misleading or  

inaccurate information or omissions in the information provided. 

 

4.3 An overview of the general state-space model
10

 

 

The focus of statistical analysis in this exercise will be state-space models estimated 

using the Kalman filter.  As we have seen in the presentation, the general form of a linear 

state-space model has quite a few components: unobservable states, observable data, shocks 

and system matrices.  Despite this, it can always be written as a system of two equations.  

The first is a measurement equation (also known as the signal or observation equation): 

 

 yt = Ht βt + At Zt  + εt (5) 

 

where yt is a (n × 1) vector of observable variables, Ht is a (n × m) matrix, Zt is a (n × k) 

matrix of exogenous variables, βt is a (m × 1) vector of (possibly) unobservable state 

variables, At is a (k × n) matrix of parameters and εt is an observational error with E(εt) = 0 

and var(εt) = Rt, where Rt is a known (n × n) matrix.  

The unobserved state variables βt are generated by a first-order Markov process defined 

by the transition (or state) equation: 

 

 βt = μt + Ft βt-1 + St vt (6) 

 

where Ft is a (m × m) matrix, μt is a (m × 1) vector, St is a (m × g) matrix and vt is a (g × 1) 

vector of serially uncorrelated disturbances with E(vt) = 0 and var(vt) = Qt, where Qt is a 

known (g × g) matrix. 

The two disturbances εt and vt may be contemporaneously correlated, meaning that: 

 

 E(εtvt′) = 




















tt

tt

t

t

t
QG

GR

v


var  

 

In most cases, however, we assume that the matrix of covariances Gt = 0. 

The matrices Ht, Rt, Ft, St, Qt and Gt are known as the system matrices.  Most of the 

elements of these matrices will be fixed elements, mainly ones and zeros. 

The disturbance εt in the measurement equation (5) is an error in measurement.  The 

state-space form thus naturally lends itself to modelling systems with measurement error.  In 

this case, the transition equation defines the signal, βt, which is unobservable and only 

measured with error (noise). 

The model given by equations (5) and (6) is broader than often needed since many of 

the components will be either absent or at least will not be time-varying.  For instance, the 

transition matrices Ft in equation (6) are usually time-invariant, as are the variances of the 

shocks Qt.  In addition, many models do not need to include any exogenous variables, Zt.   

There are two main benefits to representing a dynamic system in state-space form.  

First, the state-space form allows unobserved variables to be incorporate into, and estimated 

along with, the observable model.  Second, state-space models can be analysed using the 

powerful recursive Kalman (Bucy) filter outlined next.  

 

 

                                                           
10

 For more details, interested readers are directed to Harvey (1989), Chapter 13 in Hamilton (1994a), Hamilton 

(1994b) and Koopman et al. (1999).  
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4.4 The Kalman filter 

 

The Kalman filter due to Kalman (1960, 1963) and Kalman and Bucy (1961) is an 

algorithm for generating minimum mean square error forecasts in a state-space model.  In 

particular, it is a recursive algorithm for sequentially updating the one-step-ahead estimate of 

the state mean and variance given new information.  Since the state-space model is a very 

general formulation for linear models in which time-varying parameters, measurement errors 

and missing observations can all be dealt with very easily, the Kalman filter is a very useful 

tool.  As a by-product, if Gaussian errors are assumed, the filter allows the computation of the 

log-likelihood function of the state-space model.  This, in turn, allows the model parameters 

to be easily estimated by maximum-likelihood methods.  

 

5 Structural time-series models: the unobserved components decomposition 

 

More recently, state-space models and Kalman filter techniques have become more 

widely employed in trend-cycle decompositions.  These approaches treat the output gap as a 

latent variable and many of them use the unobserved components model due to Harvey 

(1989).
11

   

A basic model for representing a time series, yt, is the additive model, also known as the 

classical decomposition.  It seeks to decompose a time series, yt, into an exhaustive set of  

− unobserved – underlying components: 

 

 yt = τt + ct + γt + vt + εt (7) 

 

which – in its most general form – models the dependent time-series variable, yt, as consisting 

of: 

 

 a slowly-changing unobserved component, τt (trend);  

 a periodically-recurring unobserved component, ct (cycle);  

 a periodic unobserved component, γt (seasonal);  

 an unobserved autoregressive component, νt; and  

 an unobserved irregular component, εt (disturbance) 

 

It is, of course, the case that not all components need to be included at the same time.  

In a structural time-series (STS) or unobserved components (UC) model, the right-hand side 

components are modelled explicitly as stochastic processes that have a direct (semi-

economic, at least) interpretation.  As such, components can be deterministic functions of 

time (e.g., polynomials) or stochastic processes.  Note the absence of any ‘economic’ 

variables on the right-hand side of equation (7).  Each component of the UC model given by 

equation (7) is modelled in state-space form and estimated using the Kalman filter. 

For example, the trend component, τt, can be modelled either deterministically as  

yt = τ + εt, with εt ~ iid N(0, σε
2
), or stochastically by a random walk plus noise, giving rise to 

the so-called local level or random walk with noise model:
12

 

 

                                                           
11

 By latent we understand a variable that can be estimated but not observed.  
12

 The model would be incomplete without a specification for the initial values of the state variables and their 

variances. 
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 yt = τt + εt         εt ~ iid N(0, σε
2
) (8) 

 

 τt = τt-1 + ηt         ηt ~ iid N(0, ση
2
) (9) 

 

where E(εtηt) = 0.
13

 

In the local level model, only the level, τt, and the irregular component, εt, are 

unobserved.  If the dependent variable represents the observed log of real GDP, yt is therefore 

the sum of two unobserved components, τt and εt.  The component τt is the state variable 

representing the ‘fundamental’ value (signal) of the log of real GDP in equation (8), while the 

transition equation (9) shows that the values of τt, and hence yt, evolve according to a random 

walk.  Here, τt is a pure random walk with initial value τ1 and yt is an observed version of τt 

with added noise εt.  The component εt represents random deviations (noise) from the 

fundamental value that are assumed to be independent from the innovations to τt.  The initial 

value, τ1, is either given or follows a known distribution, and is independent of {εt} and {ηt} 

for t > 0.  In the literature, τt is referred to as the trend of the series, which is not directly 

observable, and yt is the observed log of real GDP data with observational (or measurement) 

error εt.  Just to recapitulate, the variable yt is observed, but neither the trend nor the error 

term is directly observable.  

The interpretation of this model is that τt is an (unobservable) local level or mean for 

the process.  It is local in the sense that the level can evolve from period to period because of 

the shock process, ηt.  An alternative way of looking at the model is that the observable yt is 

the underlying process mean which is ‘contaminated’ with measurement error given by ηt.   

The local level model works fairly well for data that do not have any obvious trend, 

meaning that it is not likely to work as well with strongly trending data.  

Note how the model in equations (8) and (9) is written as a linear state-space model.  

The variable τt will be the state of the system at time t because it is not directly observed.  

Equation (8) provides the link between the data, yt, and the state τt and is equivalent to the 

measurement, signal or observation equation with measurement (or irregular) error εt.  

Equation (9) governs the time evolution of the state variable and is equal to the state (or 

transition) equation with innovation νt.  The cycle in all of these cases is equal to ct = εt = yt – 

τt. 

The standard state-space component for handling strongly trending series is the local 

linear trend model, which allows the trend level and slope to vary over time.  This model 

may be useful in cases where a single linear trend does not fit the data well.  The local linear 

trend model therefore generalises the local level model in equations (8) and (9) by the 

introduction of a stochastic slope, βt, which itself follows a random walk.  The general form 

of the local linear trend model is as follows: 

 

 yt = τt + εt             εt ~ iid N(0, σε
2
) (10) 

 

 τt = τt-1 + βt-1 + ηt         ηt ~ iid N(0, ση
2
) (11) 

 

 βt = βt-1 + ζt                   ζt ~ iid N(0, σζ
2
) (12) 
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 The assumption of independence between the innovations in the trend and cycle components is vital, but 

clearly not tenable in the real world.  But the model given by equations (8) and (9) may not be identified without 

some specification of the correlation between innovations in trend and cycle.   
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where we have to specify the initial distributions for β1 and μ1 and the irregular, level and 

slope disturbances, εt, ηt and ζt respectively, are mutually independent.  In this model, βt is the 

local trend rate and τt is the local trend itself, which is the local mean value for the observable 

yt.  In other words, τt and βt are the level and slope of the trend respectively.  The stochastic 

slope parameter, βt, allows the trend to change smoothly over time.  In the local linear trend 

model, ηt and ζt, account for the permanent shocks to the level of output, providing an 

explanation for movements in that variable.  The cycle is again given by ct = yt – τt.  What is 

interesting about this model is that the change in the trend is a random walk plus noise; that 

is, Δτt is equal to the random walk term, βt, plus the noise term, ζt.   

The local linear trend model, which allows the trend level and slope to vary over time, 

is the standard state-space representation for handling strongly trending series and has been 

widely used for the purpose of trend-cycle decomposition.  In essence, the trend is modelled 

as a random walk with drift.  This model may be useful in cases where a single linear trend 

does not fit the data well.  Smoother trends are obtained by formulating higher-order random 

walks, e.g., ∆
d
τt = ηt.  

The cycle component, ct, following Harvey and Jäger (1993), is trigonometric in form 

and consists of one or more cycles defined by the pair of equations: 
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with 0 < ρc < 1 and 0 ≤ λc ≤ π, where λc is the cycle periodicity in radians.  In addition, κt, κt* 

~ N(0,σκ
2
), i.e., the two error processes share the same variance.   

The seasonal component, γt, if present, is modelled trigonometrically in a similar way 

to the cycle.  The number of seasonal frequencies in a period, such as a year, is given by 

integer s.  When s is even, [s/2] = s/2, and when s is odd, [s/2] = (s – 1)/2.  The trigonometric 

seasonal form is given by: 
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where λj = 2πj/s is the frequency (in radians) and the seasonal error disturbances ωt and ωt* 

are two mutually uncorrelated, normally and independently distributed disturbances with zero 

mean and common variance σω
2
., i.e., ωjt, ωjt* ~ N(0,σω

2
).  Note that, according to equation 

(14), more than one seasonal term will enter into the unobserved components model.  In fact, 

there will be two seasonal terms with quarterly data (j = 1, ... , [s/2] = 1, ... , [4/2] = 1, 2) and 

six seasonal terms with monthly data.  For s even, the final component at j = s/2, equivalent 

to λ(s/2) = 2π(s/2)/s = π, collapses to: 

 

 γjt = γj,t-1cos(λj) + ωjt 
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The autoregressive component, vt, has the following straightforward representation: 

 

 vt = ρvvt-1 + ξt             ξt ~ iid N(0, σξ
2
) (16) 

 

where 0 < ρv < 1, while the irregular error component, εt, with variance-covariance matrix, 

Σε, is not explained in the model.   

As already mentioned, the basic idea behind the unobserved components model is to 

provide structural equations for the components of the trend-cycle decomposition given by 

equation (7) that have a direct statistical interpretation.  As shown by Harvey (1989), cycle 

estimates obtained by UC decompositions enjoy certain optimality properties.  As a result, 

this approach has become quite popular in the time-series literature.  In fact, UC 

specifications to extract cyclical components are generally preferred to ARIMA 

representations in the spirit of the widely-used decomposition due to Beveridge and Nelson 

(1981) for two reasons: 

 

 there is no guarantee that an ARIMA(p,d,q) model identified by the standard 

methodology suggested by Box and Jenkins (1970), say, will have those features 

that the underlying series is thought the exhibit; and 

 many of the ARIMA models favoured by applied researchers for the purpose of 

cycle extraction, such as the ARIMA(0,1,1) model, fail to forecast certain long-

run components 

 

The UC decomposition is characterised by two basic features.  First, a researcher 

specifies a flexible structure for the trend, cycle and other features of the data, such as 

seasonal or irregular terms.
14

  Second, given the hypothesised structure, the data are allowed 

to select the characteristics of the components.  Subsequent diagnostic testing and inference, 

which is briefly touched upon in Section 8 below, can be used to examine what is left 

unexplained.  

We note in passing that the UC model is able to deal with structural breaks in the 

underlying series.  If we assume that the trend component in the economic time series to be 

modelled is segmented, i.e., it contains a break at one or more points, the smooth trend of the 

local linear trend model will adapt to the break (over time). 

 

6 Trend-cycle decompositions: applying the unobserved components model 

 

Unobserved component models have a long history in trend-cycle decompositions, 

going back to Harvey (1985), Watson (1986) and Clark (1987), who used both the local level 

as well as the local linear trend model for estimating potential output and the output gap. 

 

6.1 The local level and local linear trend state-space models 

 

To specify and estimate a state-space model in EViews, we have to create a state-space 

object first.  Select Objects/New Object.../SSpace from the main toolbar or type sspace in 

                                                           
14

 These structures or unobserved components in turn imply an ARIMA representation for yt which is more 

complicated than the one typically selected with standard (Box-Jenkins) methods.  The reduced form of the local 

local linear trend model, for example, is an ARIMA(0,2,2) model. 
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the command window.  EViews will create a state-space object and open an empty state-

space specification window.  This window will allow you to use keywords and text to 

describe what EViews calls the signal equation (and everyone else the observation or 

measurement equations), state (or transition) equations, the error structure, initial conditions 

and, if desired, parameter starting values for estimation. 

The SSpace object offers specification and estimation options for single and multiple 

dynamic equations in state-space form and navigates the user to the application of the built-in 

Kalman filter.  Exogenous variables can be included in the state-space equations and 

variances for all equations can be specified in terms of model parameters.  Model output is 

available in tabulated format or in graphs.  New series can be created from the model output 

and subsequently stored as new objects for further analysis.  These typically include one-step 

ahead and smoothed state and signal series, filtered state and signal series and corresponding 

residuals and errors.  

The representation of the basic local level model as a SSpace object is as follows (this 

state-space object is denoted as local_level1a in the EViews workfile 

gdp_kenya_solutions.wf1, which contains all the solutions to the state-space models 

discussed in this exercise): 

 
param c(1) -10 c(2) -10 

 

@ename e1 

@ename v1 

 

@evar var(e1) = exp(c(1)) 

@evar var(v1) = exp(c(2)) 

 

@signal lrgdp_sa = trend + e1 

@state trend = trend(-1) + v1 

 

The SSpace object in EViews that we have just created consists of four parts.  The first 

line informs EViews about the starting values of the parameters that are to be estimated.
15

 

In the second part (the next two lines), the error terms for the measurement and state 

equation (e1 and v1) are named using the keyword @ename.  Contrary to other objects in 

EViews, error terms are not included in the equation of a state-space object unless they have 

been explicitly specified.  In this case, we include an error term for both the signal (e1) and 

the state equation (v1). 

The third part (the following two lines) specifies the variances.  Error variances are 

preceded by the @evar keyword and may be constants or expressions in terms of unknown 

parameters.  In our model, the variances are expressed as exponential functions of the 

unknown coefficients c(1) and c(2).  The exponential function is used to guarantee non-

negative variance estimates (why?).  Using the @evar command, one can also specify 

covariances between error terms, for example, @evar cov(e1,v1) = 0.5.  Variances 

and/or covariances that have not been specified are assumed to be equal to zero.  If an error 
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 Evaluation of the Kalman filter, smoother and forecasting procedures all require that we provide the initial 

one-step ahead predicted values for the states β1|0 and variance matrix P1|0.  Unless stated otherwise, the starting 

values for the parameters are those specified in the coefficient vector c in the current EViews workfile.  It may 

therefore be advisable to specify appropriate starting values using the @mprior and @vprior commands.  
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term is named, but there are no corresponding var = or @evar specifications, the missing 

variance or covariance specifications will be set to the default values of zero.  The value of  

-10 in the param statement for both c(1) and c(2) translates into a value for the initial 

variance equal to e
-10

 = 0.00005. 

In the fourth part (the final two lines), the measurement and state equation are defined.  

The @signal keyword specifies the measurement equation for the dependent variable yt and 

includes an unobserved level trend to represent τt and an observation disturbance, e1, 

which corresponds to εt and has been declared by the @ename command.  If there is no error 

or error variance, the signal equation is assumed to be deterministic.  Signal equations may 

include expressions of the dependent variable, but no current values or leads of the signal 

variables.  Nonlinearities in the states and leads or lags of states are also not allowed.  Note 

that the @signal keyword may be dropped. 

The @state equation defines the random walk for the unobserved model component, 

τt.  State equations should not include expressions of unobserved components (like 

log(trend)) nor lags or leads for signal equation dependent variables, but may contain 

(possibly non-linear) transformations of exogenous variables.  They should be linear in the 

one-period lag of the states, where the one-period lag restriction is easily circumvented by 

including new state variables for higher-order lags.  In fact, we will do so below.  If there is 

no error or error variance, the state equation is assumed to be deterministic.  

Error terms should necessarily be named before specifying the state and observation 

equation.  But one can simply add the variance structure to define an error term, like in 

@state trend = trend(-1) + [var = exp(c(2))].  This is called the error 

variance specification, whereas the form shown above is the named error approach.
16

  The 

EViews state-space object for the local level model in form of the error variance specification 

is as follows: 

 
param c(1) -10 c(2) -10 

 

@signal lrgdp_sa = trend + [var = exp(c(1))] 

@state trend = trend(-1) + [var = exp(c(2))] 

 

Estimation of the unknown parameters in the state-space model is done via maximum 

likelihood (ML) using the Kalman filter, using the prediction error decomposition of the 

latter.  Once this has been accomplished, estimates of the trend, cyclical and irregular 

components are obtained from a smoothing algorithm which revises recursive estimates.  As 

such, the smoothed estimates of the cycle can serve as a measure of the output gap.  

 

Q1. Using either of the above notations for setting up a state-space model in EViews, 

estimate the state-space model given by equations (8) and (9) and compute estimates of trend 

and cycle over the period from 2000 Q1 to 2013 Q3.  Possible starting values for the 

exponential of the variances in both the state and the signal equation are -10.  
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 The main drawback of the error variance specification is that it does not permit correlation between errors in 

different equations.  By default, EViews assumes that the covariance between different errors in different 

equations is zero.  The ‘named error’ approach is useful when we require a more flexible variance-covariance 

structure.  
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Answer.  EViews presents the estimation results in the state-space window.  The estimated 

output of the local level model using the named error approach is given in Table 1 below.
17

  

 

Table 1: ML estimation results of the local_level1a state-space model 
 

Sspace: LOCAL_LEVEL1A   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

Convergence achieved after 16 iterations  

WARNING: Singular covariance - coefficients are not unique 
     
 Coefficient Std. Error z-Statistic Prob.   
     

C(1) -161.9053 NA NA NA 

C(2) -8.084413 NA NA NA 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND 12.95562 0.017559 737.8469 0.0000 
     

Log likelihood 133.8294      Akaike info criterion -4.793797 

Parameters 2      Schwarz criterion -4.720803 

Diffuse priors 1      Hannan-Quinn criter. -4.765570 
     

 

The bulk of the output from state-space estimation in EViews should look familiar from 

other EViews estimation objects.  The information at the top describes the basics of the 

estimation: the name of the SSpace object (local_level1a), the estimation method 

(maximum likelihood using the Marquardt optimisation algorithm), the sample (2000 Q1 to 

2013 Q3), the number of included observations in the sample (55), convergence information 

(EViews needed 16 iterations to achieve convergence towards a solution) and the coefficient 

estimates.   

While estimating a state-space model using the Kalman filter in EViews is relatively 

straightforward mechanically, we do not always get satisfactory results immediately.  This is 

the case here.  Regardless of the starting values that you choose for c(1) and c(2), you get 

results without standard errors.  This is because the variance-covariance matrix of the 

estimated coefficients is singular and therefore cannot be inverted to yield standard error 

estimates.  

 

Hint:  As will have become obvious, finding good starting values for coefficient estimates is 

important.  There are – at least – three ways of going about finding starting values.  The first 

is sheer luck.  It may turn out that our current starting values of -10 for the exponentials of the 

variance may result in convergence of the maximum-likelihood estimates.  Incidentally, note 

that it is – as always with maximum-likelihood estimation – good practice to start from a 

number of starting values to see if they yield the same result (although this may be a 

dangerous – and frequently depressing – strategy!).  The second approach involves 

experimenting with different starting values until you come across numbers that result in 

sensible results (data-mining?).  Such a ‘trial-and-error’ approach can, of course, be time-

consuming (and may not always be crowned with success).  The final approach is to 
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 Results for the error variance specification of the model, which are identical to the results in Table 1, can be 

found in gdp_kenya_solutions.wf1 under local_level1b.   
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‘calibrate’ error variances and coefficient estimates (data-mining again?).  For the question at 

hand, for example, we could fit a univariate regression to yt.  You could either regress yt on a 

constant or trend or even estimate an AR(1) model of yt, and select as the starting value for 

c(1) (the variance of the measurement error) the variance of the residuals from one of the 

univariate equations that you have just estimated. 

 

There is some scope for confusion at this point, as I have referred to the @param 

command in the state-space object as well as the @mprior and @vprior commands (cf. 

Footnote 16) as both setting starting values.  The difference is that the @param command 

defines starting values for the coefficients that we are estimating, such as c(1), c(2), etc., 

while the @mprior and @vprior commands set initial values for the means and the 

variance-covariance matrices of the state variables respectively.  The former will be used to 

obtain a global maximum in the maximum-likelihood estimation of the coefficients of the 

model, while the latter initialises the continuous process of forecasting and updating in the 

Kalman filter to obtain estimates of the unobservable state variables. 

The coefficients themselves, c(1) and c(2), are the logs of the variance of the error 

terms for the measurements and state equations.  We therefore estimate that σε
2
 =  

exp(-161.9053) = 0.0000 and ση
2
 = exp(-8.0844) = 0.0003.   

The bottom part of the output view reports the maximised log-likelihood value, the 

number of estimated parameters and the associated information criteria.  

But some parts of the output are new.  In particular, EViews displays the final one-step 

ahead values of the state vector, βT+1|T, equal to 12.9556, and the corresponding root mean 

square error values (square roots of the diagonal elements of PT+1|T), equal to 0.0176.  In case 

you are interested in the entire path of the state (signal) vector and covariance matrix, EViews 

provides a variety of views and procedures for examining the state (signal) results in greater 

detail.  

After estimation, EViews allows you to create new series based on the results of the 

estimation process.  These can be generated using the appropriate keywords (in the command 

window) or they can be selected from the menu screens.  As such, you generate the estimated 

state (and signal) series by clicking on Proc at the top of the SSpace object box and then 

selecting either Make Signal Series or Make State Series.   
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The estimate of the unobserved trend of the log of real GDP over the period from 2000 

Q1 to 2013 Q3 will be given by the (smoothed) state estimates (go to View and select State 

Views and then Graph State Series… and Smoothed: State estimates).  This estimate is 

displayed in Figure 3. 

 

Figure 3: Smoothed trend state estimate of the local_level1 state-space model 
 

τ 

 

In light of the estimated value of c(1), the smoothed trend state estimate should not 

come as a surprise to us (why?).  By being ‘local’, the local linear model is unlikely to be of 

much help in decomposing the log of real GDP into a permanent (trend) and a transitory 

(cycle) component.  In the absence of measurement error, we essentially end up with a trend 

that is exactly equal to the underlying observed series – the ±2 RMSE bands coincide with the 

actual data.  If this should be the case, the local level model will not be at all useful for trend-

cycle decompositions and other state-space approaches need to be sought.  There is no point 

in showing the derived cycle estimate: with τt equal to yt at every point in the sample, ct =  

yt – τt = 0.  

As an aside, a convenient concept in this area is the signal-to-noise ratio, q, which is 

defined as q = ση
2
/σε

2
.  The signal-to-noise ratio plays the key role in determining how 

observations should be weighted for prediction and signal extraction.  In a large sample, 

filtering is equivalent to a simple exponentially weighted moving average; the higher is q, the 

more past observations are discounted.  When q is zero, the level is constant and all 

observations have the same weight.  We will return to the signal-to-noise ratio on more than 

one occasion below.  

The parameters that we have estimated in the local level model are σε
2
 and ση

2
.  

Depending on these two parameters, the local level model nests some special trivial cases.  

Setting ση
2
 = 0 results in the white-noise model with a constant level, τ1, equal to the 

(unconditional) mean of the series, i.e., yt ~ iid N(τ1, σε
2
), while setting σε

2
 = 0 leads to a pure 

random-walk model, such that yt = yt-1 + ηt. 

We can therefore investigate variation across the local level model with different 

settings of the signal-to-noise ratio.  The first experiment sets ση
2
 = 0, which can be done by 
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using the above state-space object and either setting var(v1) = 0 or eliminating v1 from 

the state equation for the trend state variable.  Remember that this particular setting of the 

signal-to-noise ratio results in a model with a constant level, which is equal to the 

unconditional mean of the lrgdp_sa series.  On this occasion, we have some prior 

information about what we expect the state-space estimation results to be.  In particular, we 

can estimate an OLS equation of lrgdp_sa on a constant, which should provide us with the 

value of τ1.  Results of this least-squares estimation are shown in Table 2. 

 

Table 2: OLS estimation results of the local_level1_eta_0 model 
 

Dependent Variable: LRGDP_SA   

Method: Least Squares   

Sample (adjusted): 2000Q1 2013Q3  

Included observations: 55 after adjustments  
     

Variable Coefficient Std. Error t-Statistic Prob.   
     

C 12.65935 0.023551 537.5294 0.0000 
     

R-squared 0.000000     Mean dependent var 12.65935 

Adjusted R-squared 0.000000     S.D. dependent var 0.174659 

S.E. of regression 0.174659     Akaike info criterion -0.633951 

Sum squared resid 1.647307     Schwarz criterion -0.597454 

Log likelihood 18.43365     Hannan-Quinn criter. -0.619837 

Durbin-Watson stat 0.010107    
     

 

The state-space model that results from setting ση
2
 = 0 is called local_level2 and 

the estimation results can be found in Table 3.   

 

Table 3: ML estimation results of the local_level2 state-space model 
 

Sspace: LOCAL_LEVEL2   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

Convergence achieved after 22 iterations  
     
 Coefficient Std. Error z-Statistic Prob.   
     

C(1) -3.489840 0.302761 -11.52671 0.0000 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND 12.65935 0.023551 537.5289 0.0000 
     

Log likelihood 7.772622      Akaike info criterion -0.246277 

Parameters 1      Schwarz criterion -0.209780 

Diffuse priors 1      Hannan-Quinn criter. -0.232164 
     

 

In contrast to our first local level model, we now have coefficient estimates with 

standard errors, allowing us to conduct inference on the estimated coefficients.  We note the 

obvious absence of an estimate for c(2), which we have set to zero and therefore eliminated 

from the model.  The final state estimate for the trend state variable is equal to 12.65935, 

which is exactly equal to the estimate of the constant in the estimation results in Table 2.  
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Figure 4 shows the smoothed trend state estimate of the local_level2 state-space 

model, which, as expected, is a constant equal to 12.65935. 

 

Figure 4: Smoothed trend state estimate of the local_level2 state-space model 
 

 
 

The other experiment in terms of the signal-to-noise ratio, i.e., setting σε
2
 = 0, we have 

already done, well, sort of.  Recall that the estimate of c(1) in Table 1 is equal to -161.9053, 

meaning that the variance of e1 is equal to e
-161.9053

 = 4.84643E-71, which is essentially zero.  

Still, setting c(1) exactly to zero results in the local_level3 state-space model, results 

for which can be found in Table 4.  These results are essentially equivalent to the ones given 

in Table 1.  

 

Table 4: ML estimation results of the local_level3 state-space model 
 

Sspace: LOCAL_LEVEL3   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

Convergence achieved after 13 iterations  
     
 Coefficient Std. Error z-Statistic Prob.   
     

C(2) -8.084523 0.242099 -33.39346 0.0000 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND 12.95562 0.017558 737.8874 0.0000 
     

Log likelihood 133.8294      Akaike info criterion -4.830161 

Parameters 1      Schwarz criterion -4.793664 

Diffuse priors 1      Hannan-Quinn criter. -4.816047 
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Despite its simplicity, the local level state-space model has indeed been used for trend-

cycle decompositions.  Watson’s (1986) variant of the local level model is made up of two 

unobserved components, which are a stochastic trend, τt, and a stochastic cycle, ct, which has 

been specified to follow an AR(2) process: 

 

 yt = τt + ct (17) 

 

 τt = β + τt-1 + ηt     ηt ~ iid N(0,ση
2
) (18) 

 

 ct = ϕ1ct-1 + ϕ2ct-2 + ζt     ζt ~ iid N(0, σζ
2
) (19) 

 

In this model, the trend will be an integrated random walk trend which, when estimated, 

tends to be relatively smooth.  Having been specified as an stationary AR(2) process, the 

cycle is now clearly defined, even though it can still be calculated by ct = yt – τt.   

 

Q2. Using either of the named error or the error variance specification for setting up a state-

space model in EViews, estimate the state-space model given by equations (17) through (19) 

and compute estimates of trend and cycle over the period from 2000 Q1 to 2013 Q3.  Also 

add a constant to equation (19), which should be: 

 

 ct = ϕ0 + ϕ1ct-1 + ϕ2ct-2 + ζt     ζt ~ iid N(0, σζ
2
) (19′) 

 

Possible starting values are -10 for the exponential of the variances in both the state and 

the signal equation.  The only difficulty lies in making sure that we adequately capture the 

second lag of the cycle component in transition equation (19).  The discussion of defining 

state-space models with higher lags in the presentation should be of help here.   

 

Answer.  EViews presents the estimation results in the state-space window.  The estimated 

output of Watson’s (1986) variant of the local level model, denoted watson_ar2a in the 

solutions workfile, is given in Table 5 below.  

 

Table 5: ML estimation results of the watson_ar2a state-space model 
 

Sspace: WATSON_AR2A   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

Failure to improve Likelihood after 9 iterations 
     
 Coefficient Std. Error z-Statistic Prob.   
     

C(1) 0.010323 0.001585 6.511164 0.0000 

C(2) 50.16914 6215.770 0.008071 0.9936 

C(3) 0.304885 0.559296 0.545123 0.5857 

C(4) -1.42E-06 0.013670 -0.000104 0.9999 

C(5) -9.138726 0.641036 -14.25617 0.0000 

C(6) -9.633182 1.011336 -9.525203 0.0000 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND -59.20881 0.012801 -4625.383 0.0000 

CYCLE 72.17407 0.008412 8579.734 0.0000 
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SV1 72.17475 0.007512 9607.294 0.0000 
     

Log likelihood 136.1649      Akaike info criterion -4.733269 

Parameters 6      Schwarz criterion -4.514288 

Diffuse priors 3      Hannan-Quinn criter. -4.648587 
     

 

We can see that three estimated coefficients are statistically insignificant: c(2), c(3) 

and c(4), which are associated with ϕ0, ϕ1 and ϕ2 respectively.  A cursory glance at the 

middle panel of Table 5 shows that the final state estimate for the trend state variable is  

-59.20881 and 72.17407 for the cycle state variable.  In light of the fact that the 

unconditional mean value of lrgdp_sa is on the order of 13, these number are implausible 

– even though they add up to the level of real GDP arithmetically: -59.20881 + 72.17407 = 

12.96526 in the final period.  Indeed, a plot of the trend and cycle state variable shows 

proper trend and cyclical behaviour, but the associated numbers on the vertical axis appear 

nonsensical (Figure 5).  This is especially true for the cycle state estimates, which should be 

centred on zero to represent an output gap.  

 

Figure 5: Smoothed trend and cycle state estimates  

of the watson_ar2a state-space model 
 

 
 

We therefore eliminate ϕ0 from the state equation for the cycle and re-estimate the 

local level state-space model.  Note that this model will be equivalent to Watson’s original 

1986 model given by equation (17) to (19).  Estimation results can be found in Table 6.  

 

Table 6: ML estimation results of the watson_ar2b state-space model 
 

Sspace: WATSON_AR2B   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

Convergence achieved after 24 iterations  
     
 Coefficient Std. Error z-Statistic Prob.   
     

C(1) 0.011200 0.001238 9.049074 0.0000 

C(3) 0.798453 0.129010 6.189077 0.0000 

C(4) -2.03E-07 0.000839 -0.000242 0.9998 

-59.8

-59.7

-59.6

-59.5

-59.4

-59.3

-59.2

-59.1

00 01 02 03 04 05 06 07 08 09 10 11 12 13

TREND ± 2 RMSE

Smoothed TREND State Estimate

72.14

72.15

72.16

72.17

72.18

72.19

72.20

00 01 02 03 04 05 06 07 08 09 10 11 12 13

CYCLE ± 2 RMSE

Smoothed CYCLE State Estimate



 

ole.rummel@bankofengland.co.uk 24  ©Bank of England 

 

The Bank of England does not accept any liability for misleading or  

inaccurate information or omissions in the information provided. 

 

C(5) -16.46886 1025.647 -0.016057 0.9872 

C(6) -8.618423 0.424862 -20.28524 0.0000 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND 12.96818 0.009135 1419.647 0.0000 

CYCLE -0.001083 0.015294 -0.070840 0.9435 

SV1 -0.001357 0.009131 -0.148603 0.8819 
     

Log likelihood 137.7460      Akaike info criterion -4.827127 

Parameters 5      Schwarz criterion -4.644642 

Diffuse priors 3      Hannan-Quinn criter. -4.756559 
     

 

In contrast to the model that includes an intercept in the state equation for the cycle 

state variable, the model without ϕ0 yields much more sensible results in terms of the 

estimated state variables.  The final value of the trend state variable is in line with the 

observable lrgdp_sa series and the final cycle state variable has the right magnitude  

(-0.1 per cent) for an output gap.  Moreover, we now find that the estimated coefficients on 

c(4) and c(5), which correspond to the AR(2) coefficient in state equation (19) and the 

variance of the error process in equation (18) respectively, are not statistically significant.  

Following a general-to-specific testing methodology, we could therefore re-estimate the 

model by eliminating the second lag from the transition equation for ct, which yields the 

estimation results in Table 7.  This is model watson_ar2c in the solutions workfile.  

 

Table 7: ML estimation results of the watson_ar2c state-space model 
 

Sspace: WATSON_AR2C   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

Convergence achieved after 19 iterations  
     
 Coefficient Std. Error z-Statistic Prob.   
     

C(1) 0.010623 0.001528 6.950739 0.0000 

C(3) 0.192499 0.480969 0.400232 0.6890 

C(5) -9.177835 0.533968 -17.18800 0.0000 

C(6) -9.766048 0.888358 -10.99337 0.0000 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND 12.96535 0.012211 1061.739 0.0000 

CYCLE 0.000172 0.007685 0.022320 0.9822 

SV1 0.000891 0.006769 0.131648 0.8953 
     

Log likelihood 136.2589      Akaike info criterion -4.809414 

Parameters 4      Schwarz criterion -4.663426 

Diffuse priors 3      Hannan-Quinn criter. -4.752959 
     

 

As we can see, the elimination of ϕ2 in equation (19) results in an insignificant estimate 

for ϕ1.  Moreover, let us take a look at the smoothed estimates of the trend and cycle state 

variables, shown in Figure 6. 
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Figure 6: Smoothed trend and cycle state estimates  

of the watson_ar2c state-space model 
 

 
 

The resulting model is not without its problems: how comfortable are we with an 

estimated output gap that fluctuates only between ±1 per cent?  In other words, by moving to 

the AR(1) lag specification, we approximate the trend more closely.  More intuitive results 

for the cycle are obtained when we re-estimate the model with the AR(2) lag specification 

(Figure 7).  The smoothed trend state estimates resembles more a straight line and the cycle 

varies in the range of ±4 per cent, all the while showing clear long periods of positive output 

gaps followed equally persistent period of negative output gaps.  

 

Figure 7: Smoothed trend and cycle state estimates  

of the watson_ar2b state-space model 
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linear trend model, as encapsulated in equations (10) to (12) above.  In this model, βt is the 
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yt.  In other words, τt and βt are the level and slope of the trend respectively.  The stochastic 

slope parameter, βt, allows the trend to change smoothly over time.
18

   

What we are doing in this case is essentially decomposing the single observable 

variable into three components.  According to the model, we should be able to separate them 

based upon their persistence.  Changes to the trend rate, ηt, have the greatest effect on the 

evolution of the series, while the measurement-equation error, εt, has the least effect and the 

level shock, ζt, is in between.  With many series, it is rather hard to separate the level shock 

from the measurement error.  In particular, if the variance of ηt is high (relative to the 

measurement error), the ‘trend’ can move around quite a bit, possibly coming very close to 

tracking the data wherever it goes. 

The basic local linear trend model is given by the local_linear_trend1 state-

space object in the EViews workfile.  The basic structure of the model is as follows: 

 
param c(1) -10 c(2) -10 c(3) -10 

 

@ename e1 

@ename v1 

@ename v2 

 

@evar var(e1) = exp(c(1)) 

@evar var(v1) = exp(c(2)) 

@evar var(v2) = exp(c(3)) 

 

@signal lrgdp_sa = trend + e1 

 

@state trend = trend(-1) + beta(-1) + v1 

@state beta = beta(-1) + v2 

 

@mprior mprior_llt1 

 

The correspondence between the above state-space object and the state-space 

representation given by equations (10) to (12) should by now be obvious.  The only novel 

element is the inclusion of @mprior, which is used to set starting values for the two state 

variables in the model (trend and beta) and initialises the continuous process of 

forecasting and updating in the Kalman filter to obtain estimates of the unobservable state 

variables.  Double-clicking on the mprior_llt1 object in the workfile reveals that it is a (2 

× 1) vector consisting of a prior value of 12.65935 (this value should be familiar to you) for 

the trend state variable and 0.01 for the beta state variable.  In other words, the order of 

the prior mean values follows the order in which state variables appear in the model.  There is 

an equivalent EViews command for setting initial values for the variance-covariance matrix, 

which is @vprior.  This should be a (n × n) matrix consisting of prior variances and 

covariances, where n is the number of state variables in the state-space model.  

 

Q3. Using either the named error or the error variance specification for setting up a state-

space model in EViews, estimate the local linear trend state-space model and compute 

                                                           
18

 It should be apparent that the local level model in this Section is a special case of the local trend model such 

that var(v2t) = 0, which implies that βt = βt-1 = β, which then plays the role of a constant in equation (11).  
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estimates of trend and cycle over the period from 2000 Q1 to 2013 Q3.  Possible starting 

values are -10 for the exponential of the variances in both the state and the signal equation.   

 

Answer.  EViews presents the estimation results in the state-space window.  The 

(unconstrained) local linear trend model, when estimated, yields the results found in Table 8. 

 

Table 8: ML estimation results of the local_linear_trend1 state-space model 
 

Sspace: LOCAL_LINEAR_TREND1   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

User prior mean: MPRIOR_LLT1   

Convergence achieved after 6 iterations  

WARNING: Singular covariance - coefficients are not unique 
     
 Coefficient Std. Error z-Statistic Prob.   
     

C(1) -10.05886 NA NA NA 

C(2) -9.005969 NA NA NA 

C(3) -668.2481 NA NA NA 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND 12.96490 0.012649 1024.962 0.0000 

BETA 0.010277 0.001515 6.783908 0.0000 
     

Log likelihood 132.9048      Akaike info criterion -4.723812 

Parameters 3      Schwarz criterion -4.614321 

Diffuse priors 2      Hannan-Quinn criter. -4.681471 
     

 

We once again have the inconvenient finding of a singular covariance matrix, meaning 

that no standard errors can be calculated.  Despite this, smoothed trend and beta state 

variable estimates can still be computed, even though they are not shown here.  As before, the 

cycle is given by ct = yt – τt.   

Because of the finding of singular covariance matrices, it is common to also include a 

restriction on the ratio of the two remaining variances, i.e., the signal-to-noise ratio.  This 

restriction will be in addition to any other restrictions, meaning that another advantage of the 

local linear trend model is that it encompasses a range of other useful state-space models.  

Just as in the case of the local level model, this will depend upon the values of the shock 

variances and initial values for β1. 

We should save the trend state variable for later use.  This is done by going to Proc, 

Make State Series…, selecting the Smoothed: State estimates option and accepting EViews 

default option of giving state series the suffix f.  In other words, the two state series will 

appear in the workfile as trendf and betaf.  We close the group window, delete betaf 

from the workfile and change the name of trendf to trend_llt1.  We have now stored 

the trend series associated with the local_linear_trend1 state-space model in the 

workfile.  

 

Note:  If both variances (σν1
2
 and σν2

2
) are zero, the trend will be deterministic, with slope β1 

and intercept τ1.  When only σν2
2
 is zero, the slope is fixed and the trend reduces to a random 

walk with constant drift β1, i.e., the slope is fixed – the model reduces to a local linear model 
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if β1 = 0.  Allowing σν2
2
 to be positive but setting σν1

2
 to zero gives an integrated random walk 

trend, which when estimated tends to be relatively smooth.   

 

Q4. Over the period from 2000 Q1 to 2013 Q3, estimate the following variants of the local 

linear trend model in EViews.  Possible starting values are -10 for the exponentials of the 

variances in the state and the signal equations. 

 

(i) a constrained local linear trend model with the second state variance set equal to 

zero (σν2
2
 = 0) 

 

Table 9: ML estimation results of the local_linear_trend2 state-space model 
 

Sspace: LOCAL_LINEAR_TREND2   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

User prior mean: MPRIOR_LLT1   

Convergence achieved after 7 iterations  
     
 Coefficient Std. Error z-Statistic Prob.   
     

C(1) -10.09994 0.779629 -12.95481 0.0000 

C(2) -8.994614 0.427679 -21.03123 0.0000 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND 12.96493 0.012662 1023.948 0.0000 

BETA 0.010275 0.001523 6.745552 0.0000 
     

Log likelihood 132.9068      Akaike info criterion -4.760248 

Parameters 2      Schwarz criterion -4.687254 

Diffuse priors 2      Hannan-Quinn criter. -4.732021 
     

 

We once again save the trend state variable for later use.  As before, this is done by 

going to Proc, Make State Series…, selecting the Smoothed: State estimates option and 

accepting EViews default option of giving state series the suffix f.  In other words, the two 

state series will appear in the workfile as trendf and betaf.  We close the group window, 

delete betaf from the workfile and change the name of trendf to trend_llt2.  We 

have now stored the trend series associated with the local_linear_trend2 state-

space model in the workfile.  

 

(ii) a constrained model with both state variances set equal to zero (σν1
2
 = σν2

2
 = 0) 

 

Table 10: ML estimation results of the local_linear_trend3 state-space model 
 

Sspace: LOCAL_LINEAR_TREND3   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

User prior mean: MPRIOR_LLT1   

Convergence achieved after 8 iterations  
     
 Coefficient Std. Error z-Statistic Prob.   
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C(1) -7.743067 0.197739 -39.15807 0.0000 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND 12.96246 0.005694 2276.538 0.0000 

BETA 0.010826 0.000177 61.19577 0.0000 
     

Log likelihood 107.5635      Akaike info criterion -3.875036 

Parameters 1      Schwarz criterion -3.838539 

Diffuse priors 2      Hannan-Quinn criter. -3.860922 
     

 

Following the steps outlined above, we once again save the trend state variable as 

trend_llt3 for later use. 

 

(iii) a constrained model with only the first state variance set equal to zero (σν1
2
 = 0) 

 

Table 11: ML estimation results of the local_linear_trend4 state-space model 
 

Sspace: LOCAL_LINEAR_TREND4   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

User prior mean: MPRIOR_LLT1   

Convergence achieved after 11 iterations  
     
 Coefficient Std. Error z-Statistic Prob.   
     

C(1) -9.139896 0.243995 -37.45936 0.0000 

C(3) -11.40821 0.436075 -26.16110 0.0000 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND 12.96525 0.011597 1117.975 0.0000 

BETA 0.010851 0.006319 1.717304 0.0859 
     

Log likelihood 128.9463      Akaike info criterion -4.616231 

Parameters 2      Schwarz criterion -4.543237 

Diffuse priors 2      Hannan-Quinn criter. -4.588003 
     

 

Following the steps outlined above, we once again save the trend state variable as 

trend_llt4 for later use. 

Looking at the results for cases (i) to (iii), you will note that the different options of the 

local linear trend model encompass the models considered above.  You may also recognise 

that these cases in essence play around with the signal-to-noise ratio, q.  We can see the 

impact different values of the signal-to-noise ratios have on the estimates of the trend and 

cycle.  Figure 8 shows the different (smoothed) estimates for the trend state variable.  We 

observe that varying the signal-to-noise ratio impacts on the smoothness of the estimated 

trend.   
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Figure 8: Smoothed trend state estimates using different  

signal-to-noise ratios in the local_linear_trend state-space model 
 

 
 

The implications for the estimated cycle state should be obvious, meaning that the 

smoothness of the trend estimate will impact on the variability of the estimated cycle, i.e., the 

output gap.  The output gaps corresponding to the different assumptions regarding the signal-

to-noise ratio are shown in Figure 9.  The four cycle series are calculated as the difference 

between the actual series and the trend series, i.e., for the local_linear_trend1 model, 

the cycle is calculated as cycle_llt1 = lrgdp_sa – trend_llt1.  The remaining 

three series are constructed along the same lines.  

 

Figure 9: Smoothed cycle state estimates using different  

signal-to-noise ratios in the local_linear_trend state-space model 
 

 
 

We noted in passing that smoother trends can be obtained by formulating higher-order 

random walks, e.g., ∆
d
τt = ηt, where d > 1.  The next model tries to assess this claim by setting 

d = 2, which yields ∆
2
τt = ηt.  This last expression, when written out, yields: 
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 ∆
2
τt = Δ(Δτt) = Δ(τt – τt-1) = Δτt – Δτt-1 = (τt – τt-1) – (τt-1 – τt-2) = τt - 2τt-1 + τt-2 

 

The resulting model, called local_linear_trend5, becomes: 

 
param c(1) -10 c(2) -10 c(3) -10 

 

@ename e1 

@ename v1 

@ename v2 

 

@evar var(e1) = exp(c(1)) 

@evar var(v1) = exp(c(2)) 

@evar var(v2) = exp(c(3)) 

 

@signal lrgdp_sa = trend + e1 

 

@state trend = 2*trend(-1) - sv1(-1) + beta(-1) + v1 

@state beta = beta(-1) + v2 

@state sv1 = trend(-1) 

 

@mprior mprior_llt1 

 

While the model does not yield standard errors due to a singular covariance matrix 

(results not shown), we can still generate trend and cycle estimates.  Figure 10 compares the 

estimated trend of local_linear_trend5 with that of the first-order 

local_linear_trend1 state-space model, and Figure 11 does the same for the estimated 

cycle estimates.  

 

Figure 10: Smoothed trend state estimates: local_linear_trend1  

and local_linear_trend5 state-space models 
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As hypothesised, the local_linear_trend5 model, which sets ∆
2
τt = ηt, has a 

smoother estimated trend (the blue line) than the local_linear_trend1 model, which 

simply sets ∆τt = ηt (the red line).   

As a result of having a smoother trend, cyclical movements will be accentuated, as can 

be clearly seen from Figure 11, where the smoothed estimated cycle (the blue line) of the 

local_linear_trend5 model is more volatile than the corresponding estimate for the 

local_linear_trend1 model (the red line).  

 

Figure 11: Cycle estimates resulting from the local_linear_trend1  

and local_linear_trend5 state-space models 
 

 
 

In contrast, Harvey (1985) and Clark (1987) considered the local linear trend model 

with the stochastic cycle following an ARIMA(2,0,0) model:  

 

 yt = τt + ct (20) 

 

 τt = τt-1 + βt-1 + ηt     ηt ~ iid N(0, ση
2
) (21) 

 

 βt = βt-1 + ωt     ωt ~ iid N(0, σω
2
) (22) 

 

 ct = ϕ1ct-1 + ϕ2ct-2 + ζt     ζt ~ iid N(0, σζ
2
) (23) 

 

where ηt, ωt and ζt are independent white-noise processes.  The original specification in Clark 

(1987) was broader in the sense that he allowed the cycle to have a more general ARMA(p, q) 

process with moving-average terms, such that the state or transition equation for the 

unobservable cycle state variable is formulated as ϕp(L)ct = θq(L)ζt rather than the finite 

autoregressive polynomial in the lag operator, L, where L
j
xt = xt-j, under which equation (23) 

is specified as ϕp(L)ct = ϕ2(L)ct = (1 – ϕ1L – ϕ2L
2
)ct = ζt.  Equation (23) thus models the 

stationary cyclical component as a finite autoregression rather than a more general ARMA 

process.  This is done for two reasons.  First, the elimination of moving-average terms 

facilitates estimation.  Second, in many empirical applications, a simple AR(2) model fits ct 

fairly well, obviating the need to include additional moving-average terms.   
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Equation (20) represents a decomposition of economic activity, yt, into two additive 

components, the trend, τt and the cycle, ct.  Note that an irregular or white-noise term, εt, 

where εt ~ iid N(0, σε
2
) could be added to equation (20).  In so doing, we can test for the 

importance of the irregular term (measurement error) by testing the statistical significance of 

its variance.  If the estimated variance, 2

εσ̂ , is not statistically different from zero, the 

irregular term can be dropped.
19

   

The non-stationary trend component in equation (20) is modelled as a local 

approximation to a linear trend (the local linear trend model).  Innovations in the level of τt 

are given by ηt, while innovations in its first difference or growth rate are given by ωt.  

Allowing a variable growth rate (σω > 0) for the trend component is another testable 

hypothesis.  

 

Q5. Using either the named error or the error variance specification for setting up a state-

space model in EViews, estimate the state-space model given by equations (20) through (23) 

and compute estimates of trend and cycle over the period from 2000 Q1 to 2013 Q3.  Possible 

starting values are -10 for the exponential of the variances in both the state and the signal 

equation.  The only difficulty lies again in making sure that we adequately capture the second 

lag of the cycle component in transition equation (23) − this should be old hat by now.   

 

Answer.  EViews presents the estimation results in the state-space window.  The estimated 

output of the local linear trend model is given in Table 12 below.   

 

Table 12: ML estimation results of the local_linear_trend6 state-space model 
 

Sspace: LOCAL_LINEAR_TREND6   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

Failure to improve Likelihood after 13 iterations 
     
 Coefficient Std. Error z-Statistic Prob.   
     

C(1) 0.956171 0.267874 3.569483 0.0004 

C(2) 0.043874 0.043125 1.017357 0.3090 

C(3) -15.06410 690.0156 -0.021832 0.9826 

C(4) -20.95313 308.6502 -0.067886 0.9459 

C(5) -8.590275 1.129766 -7.603588 0.0000 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND 6.464784 578.6919 0.011171 0.9911 

BETA 0.010280 0.024734 0.415598 0.6777 

CYCLE 6.501174 578.6919 0.011234 0.9910 

SV1 6.501117 578.6672 0.011235 0.9910 
     

Log likelihood 124.4789      Akaike info criterion -4.344688 

Parameters 5      Schwarz criterion -4.162203 

Diffuse priors 4      Hannan-Quinn criter. -4.274119 
     

 

                                                           
19

 In essence, this means that short-run irregularities in real GDP are apparently filtered out when the data are 

constructed.  
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Looking at the estimation results, we note that ϕ2, given by the estimated coefficient on 

c(2), is again not statistically significant.  Moreover, c(3) and c(4), which are the 

estimated variances of ηt and ωt are also not statistically significant.  Finally, we note the 

estimated magnitudes of the trend and cycle state variables in the middle panel of Table 

13.  The final value of lrgdp_sa in the sample is equal to 12.95562 in 2013 Q3.  Equation 

(20) stipulates that trend and cycle should add up to the value of real GDP.  This is indeed 

(approximately) the case as 6.464784 + 6.501174 = 12.96596 for the final state variable 

estimates – but the magnitude of the cyclical component is equal to that of the trend!  In 

mechanical terms, the two numbers add up, but they are out of line in terms of the economic 

intuition.   

Taking our cue from the fact that c(3) and c(4) are insignificant, we can investigate 

purging the model of two of its three equation errors.  In particular, we can set both the 

variance of ηt and ωt equal to zero, which is equivalent to eliminating the error terms from the 

equation.  The resulting model is now starting to yield more sensible estimation results, as can 

be seen in Table 13. 

 

Table 13: ML estimation results of the local_linear_trend7 state-space model 
 

Sspace: LOCAL_LINEAR_TREND7   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

Convergence achieved after 12 iterations  
     
 Coefficient Std. Error z-Statistic Prob.   
     

C(1) 0.882967 0.049666 17.77822 0.0000 

C(2) 7.02E-07 0.000114 0.006166 0.9951 

C(5) -8.572854 0.230834 -37.13860 0.0000 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND 12.97161 0.025982 499.2484 0.0000 

BETA 0.011548 0.001026 11.25287 0.0000 

CYCLE -0.003919 0.026145 -0.149880 0.8809 

SV1 -0.004438 0.025181 -0.176238 0.8601 
     

Log likelihood 123.3252      Akaike info criterion -4.375460 

Parameters 3      Schwarz criterion -4.265969 

Diffuse priors 4      Hannan-Quinn criter. -4.333119 
     

 

We note in particular that the estimated (smoothed) cycle component is starting to look 

like an output gap estimate, although the standard errors may still be somewhat on the high 

side (Figure 12).   
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Figure 12: Smoothed trend and cycle state estimates  

of the local_linear_trend7 state-space model 
 

 
 

The cycle state series reveals positive output gaps in 2001 and 2002 and then again in 

the second half of that decade.  After a sizeable negative output gap in 2009, the gap seems to 

have been more or less closed since then.  

Univariate Kalman filter estimations can be improved upon by adding supplemental 

macroeconomic information.  An early application was provided by Clark (1989), where the 

cyclical movement in output is measured using a bivariate UC model, where output and 

unemployment (or alternatively inflation) each have their own trend component, but the 

cyclical component is common to the two series.  Assume that the log of real GDP, yt, 

contains a stochastic trend, τyt, and a stationary cyclical component, cyt.  The unemployment 

rate, ut, similarly has a trend component, τut, and a stationary cyclical component, cut.  The 

model Clark devised is given by: 

 

 yt = τyt + cyt (24) 

 

 τyt = δ + τy,t-1 + vt     vt ~ iid N(0, σv
2
) (25) 

 

 cyt = ϕ1cy,t-1 + ϕ2cy,t-2 + εt     εt ~ iid N(0, σε
2
) (26) 

 

 ut = τut + cut (27) 

 

 τut = τu,t-1 + ηt     ηt ~ iid N(0, ση
2
) (28) 

 

 cut = β0cyt + β1cy,t-1 + β2cy,t-2 + ζt     ζt ~ iid N(0, σζ
2
) (29) 

 

where all errors are white noise and the cyclical component of unemployment, cut, is assumed 

to be a function of current and past transitory components of output.  

I have tried putting Clark’s (1989) model into an EViews state-space object, but 

EViews does not allow for a state variable to appear contemporaneously in a state equation, 

meaning that EViews cannot estimate a transition equation such as equation (29), in which 

the state variable cyt appears contemporaneously in the transition equation for state variable 

cut.   
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Instead, we can estimate a slightly different model.  To begin with, we are using the 

quarterly Kenyan inflation rate rather than the unemployment rate.  One advantage of using 

the inflation rate over unemployment is its closer linkage to the derived estimate of the output 

gap, whose definition is based on stable inflation.  Cyclically high inflation rates would be 

correlated with the cyclical component of output through cyt.  In fact, papers such as Kuttner 

(1994), Planas and Rossi (2004), Domenech and Gomez (2006), Planas et al. (2008) and 

Harvey (2011) all use unobserved components in – somewhat more technical – models 

linking inflation with the output gap.  Popular macroeconomic relations that are added to 

univariate state-space models are a Phillips curve, an IS curve and a relationship representing 

Okun’s law.  The main motivation in these papers is to use the information in inflation to 

obtain better estimates of the output gap. 

An initial multivariate state-space model (multivariate_model1 in the solutions 

workfile) did not yield very appealing estimation results.  The model itself is a slight variant 

of the original model by Clark (1989):  

 
param c(1) 0.5 c(2)0.5  c(3) 0.5 c(4) 0.5 c(5) 0.5 c(6) 0.1 

c(7) 0.1 c(8) 0.1 c(9) 0.1 

 

@ename v1 

@ename v2 

@ename v3 

@ename v4 

 

@evar var(v1) = exp(c(6)) 

@evar var(v2) = exp(c(7)) 

@evar var(v3) = exp(c(8)) 

@evar var(v4) = exp(c(9)) 

 

@signal lrgdp_sa = trendy + cycley 

@signal inflation = trendpi + cyclepi 

 

@state trendy = c(1) + trendy(-1) + v1 

@state cycley = c(2)*cycley(-1) + c(3)*sv2(-1) + v2 

@state trendpi = trendpi(-1) + v3 

@state cyclepi = c(4)*cycley(-1) + c(5)*sv2(-1)  + v4 

@state sv2 = cycley(-1) 

 

The model, when estimated, yields the results shown in Table 14. 

 

Table 14: ML estimation results of the multivariate_model1 state-space model 
 

Sspace: MULTIVARIATE_MODEL1   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

Failure to improve Likelihood after 16 iterations 

WARNING: Singular covariance - coefficients are not unique 
     
 Coefficient Std. Error z-Statistic Prob.   
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C(1) 0.011715 NA NA NA 

C(2) 1.100071 NA NA NA 

C(3) -0.100071 NA NA NA 

C(4) 1.104208 NA NA NA 

C(5) -3.773339 NA NA NA 

C(6) -8.515955 NA NA NA 

C(7) -25.27333 NA NA NA 

C(8) 2.984140 NA NA NA 

C(9) -3.108971 NA NA NA 
     
 Final State Root MSE z-Statistic Prob.   
     

TRENDY 5.446648 1070.472 0.005088 0.9959 

CYCLEY 7.520688 1070.472 0.007026 0.9944 

TRENDPI 27.06478 2857.234 0.009472 0.9924 

CYCLEPI -20.07370 2857.231 -0.007026 0.9944 

SV2 7.520688 1070.472 0.007026 0.9944 
     

Log likelihood -39.85401      Akaike info criterion 1.776510 

Parameters 9      Schwarz criterion 2.104982 

Diffuse priors 5      Hannan-Quinn criter. 1.903533 
     

 

The problems with these estimation results should be quite obvious: none of the 

estimated coefficients have standard errors associated with them; the final state estimates 

have very large root mean-squared errors, which play the role of standard errors; and 

trendy (trendpi) and cycley (cyclepi) add up to lrgedp_sa (inflation) 

mechanically, but without providing an intuitive interpretation as trend and cyclical 

fluctuations around that trend. 

A second multivariate state-space model (multivariate_model2) yielded better 

results.  The model is as follows:
20

 

 
param c(1) 0.5 c(2) 0.5  c(3) 0.5 c(4) 0.5 c(5) 0.5 c(6) 0.1 

c(7) 0.1 c(8) 0.1 c(9) 0.1 

 

@ename e1 

@ename v1 

@ename v2 

@ename v3 

 

@evar var(e1) = exp(c(6)) 

@evar var(v1) = exp(c(7)) 

@evar var(v2) = exp(c(8)) 

@evar var(v3) = exp(c(9)) 

 

@signal lrgdp_sa = trend + cycle 

@signal inflation = c(1)*inflation(-1) + c(2)*inflation(-2) + 

c(3)*cycle + c(4)*sv1 + c(5)*sv2 + v3 

 

@state trend = trend(-1) + beta(-1) 

                                                           
20

 Identifying the differences with the earlier model – and, indeed, with the model due to Clark (1989) – is left as 

an optional exercise.  
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@state beta = beta(-1) + v1 

@state cycle = c(2)*cycle(-1) + v2 

@state sv1 = cycle(-1) 

@state sv2 = sv1(-1) 

 

This model, when estimated, yielded the more intuitive results shown in Table 15. 

 

Table 15: ML estimation results of the multivariate_model2 state-space model 
 

Sspace: MULTIVARIATE_MODEL2   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

Partial observations: 2   

Convergence achieved after 16 iterations  
     
 Coefficient Std. Error z-Statistic Prob.   
     

C(1) 0.730343 0.027952 26.12837 0.0000 

C(2) 0.116530 0.013767 8.464215 0.0000 

C(3) -0.725066 0.002574 -281.7383 0.0000 

C(4) 0.964919 0.012798 75.39470 0.0000 

C(5) 62.35611 2.641982 23.60202 0.0000 

C(7) -7.638674 0.089484 -85.36358 0.0000 

C(8) -5.301679 0.010956 -483.9216 0.0000 

C(9) 0.960007 0.001222 785.6627 0.0000 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND 12.92004 0.076211 169.5301 0.0000 

BETA 0.007789 0.041140 0.189336 0.8498 

CYCLE 0.005054 0.070820 0.071360 0.9431 

SV1 0.043368 0.048750 0.889606 0.3737 

SV2 0.035569 0.029758 1.195282 0.2320 
     

Log likelihood -151.4694      Akaike info criterion 5.798888 

Parameters 8      Schwarz criterion 6.090864 

Diffuse priors 5      Hannan-Quinn criter. 5.911798 
     

 

All the estimated coefficients are now statistically significant and the magnitudes of the 

trend and cycle state estimates are much more sensible.  The model yields reasonable 

estimates of the underlying (smoothed) signal series, i.e., the actual series for real GDP and 

inflation (Figures 13 and 14).  The (smoothed) signal series can be obtained by going to View 

and selecting Signal Views, Graph Signal Series… and then Smoothed: Signal estimates.   
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Figure 13: Smoothed lrgedp_sa and inflation signal estimates  

of the multivariate_model2 state-space model 
 

 
 

In order to compare the signal variables with the actual data, as is done in Figure 14 

below, we have to save the two signal state variables.  This is done by going to Proc, Make 

Signal Series…, selecting the Smoothed: Signal estimates option and accepting EViews 

default option of giving state series the suffix f.  In other words, the two state series will 

appear in the workfile as lrgdp_saf and inflationf.  We close the group window and 

change the name of lrgdp_saf to lrgdp_sa_mm2 and the name of inflationf to 

inflation_mm2.  We have now stored the two signal series associated with the 

multivariate_model2 state-space model in the workfile.   

 

Figure 14: Actual values and smoothed lrgedp_sa and inflation signal estimates  

of the multivariate_model2 state-space model 
 

  
 

The corresponding state estimates for trend are cycle are given in Figure 15. 
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Figure 15: Smoothed trend and cycle state estimates  

of the multivariate_model2 state-space model 
 

 
 

We note that using the multivariate state-space model, the estimated cycle, i.e., the 

output gap, has not only been quite sizeable at times (such as in 2007), but has also been 

increasing since the start of 2012.  This is in contrast to some of the other output gap 

estimates, which have shown an output gap oscillating around zero over the past couple of 

years. 

 

6.2 The unobserved components model 

 

After introducing the unobserved components model at the beginning of this Section, 

we then proceeded to studiously ignore it thereafter.  This is now going to change, as we are 

turning our attention to the unobserved components model for the purposes of trend-cycle 

decomposition.  The particular model we will be examining decomposes lrgdp_sa into 

three unobserved components: 

 

 yt = τt + ct + εt (30) 

 

which are a slowly-changing unobserved component, τt (trend); a periodically-recurring 

unobserved component, ct (cycle); and an unobserved irregular component, εt (disturbance). 

Looking at how the individual components are defined in Section 5, a potential 

stumbling block appears to be the formulation of the functional form of the stochastic cycle in 

equation (13), which involves sines and cosines in matrix format.  But this is actually quite 

easy to do in EViews.  The state-space object in EViews that represents the unobserved 

components model with three unobserved components has the following form: 

 
param c(1) -10 c(2) -10 c(3) -10 c(4) -10 c(5) 0.5 c(6) 0.1 

 

@ename e1 

@ename v1 

@ename v2 

@ename v3 
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@evar var(e1) = exp(c(1)) 

@evar var(v1) = exp(c(2)) 

@evar var(v2) = exp(c(3)) 

@evar var(v3) = exp(c(4)) 

 

@signal lrgdp_sa = trend + psi + e1 

 

@state trend = trend(-1) + beta(-1) + v1 

@state beta = beta(-1) + v2 

@state psi = c(5)*cos(c(6))*psi(-1) + c(5)*sin(c(6))*psistar(-

1) + v3 

@state psistar = -c(5)*sin(c(6))*psi(-1) + 

c(5)*cos(c(6))*psistar(-1) + v3 

 

The last two lines represent the formulation of the stochastic cycle, as given by equation 

(13).  As we can see, we simply write out the individual equations of the matrix formulation, 

making sure that both equations have the same coefficients.  As such, the coefficient ρc, here 

given by c(5), is common across both equations, as is the joint error term, v3.  Finally, we 

note that c(6), representing λc in equation (13), also appears in both transition equations.  

The other parts of the UC model should be quite familiar at this point of the exercise.  

When estimated, we obtain the results shown in Table 16. 

 

Table 16: ML estimation results of the uc_stochastic_cycle state-space model 
 

Sspace: UC_STOCHASTIC_CYCLE   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

Failure to improve Likelihood after 16 iterations 
     
 Coefficient Std. Error z-Statistic Prob.   
     

C(1) -11.14805 2.797017 -3.985694 0.0001 

C(2) -9.496439 2.407682 -3.944225 0.0001 

C(3) -22.41082 10881.99 -0.002059 0.9984 

C(4) -9.541200 2.683034 -3.556124 0.0004 

C(5) 0.717534 0.131897 5.440104 0.0000 

C(6) 3.52E-07 0.001063 0.000331 0.9997 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND 12.96565 0.014537 891.8969 0.0000 

BETA 0.010921 0.001299 8.407705 0.0000 

PSI 0.000401 0.011626 0.034512 0.9725 

PSISTAR 0.000401 0.011626 0.034518 0.9725 
     

Log likelihood 123.0000      Akaike info criterion -4.254545 

Parameters 6      Schwarz criterion -4.035564 

Diffuse priors 4      Hannan-Quinn criter. -4.169863 
     

 

With the exception of c(3) and c(6), all the remaining coefficients of the unobserved 

components model with a stochastic cycle are statistically significant.  The very small value 

of c(6) reflects the low periodicity of the cycle (in radians).   
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The corresponding state estimates for trend and cycle, here renamed as psi (ψ), 

are given in Figure 16. 

 

Figure 16: Smoothed trend and psi state estimates  

of the uc_stochastic_cycle state-space model 
 

 
 

7 Filters and the state-space representation 

 

Many of the statistical filters that are employed for trend-cycle decomposition have an 

equivalent state-space representation.  Morley (2002) showed this correspondence for the 

Beveridge-Nelson decomposition, Harvey and Jäger (1993) for the Hodrick-Prescott filter and 

Harvey and Trimbur (2003) for filters more generally.   

As shown in Harvey and Jäger (1993), the filter proposed by Hodrick and Prescott 

(1997) is equivalent to the smoothed trend obtained from a particular specification of the 

local linear trend model given by equations (31) to (33).  As such, it may be rationalised as 

the optimal estimator of the trend component in the following structural time-series model: 

 

 yt = τt + εt     εt ~ iid N(0, σε
2
) (31) 

 

 τt = τt-1 + βt-1 (32) 

 

 βt = βt-1 + vt     νt ~ iid N(0, σν
2
) (33) 

 

with the special restriction that σv
2
 = qσε

2
, where q = 1/14400, 1/1600 and 1/100 for monthly, 

quarterly and annual data respectively.  The HP estimate of the cyclical component is then 

simply given by the smoothed irregular component, i.e., yt − τt.  

The state-space object hp_filter1a (hp_filter1b) contains the state-space 

representation of the local linear trend model corresponding to the HP filter:
21

 

 
param c(1) -1 

 

                                                           
21

 The state-space object hp_filter1b defines the signal-to-noise ratio using the equation for v1 rather than 

the equation for e1.  The estimation results are obviously identical. 
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@ename e1 

@ename v1 

 

@evar var(e1) = 1600*exp(c(1)) 

@evar var(v1) = exp(c(1)) 

 

@signal lrgdp_sa = trend + e1 

@state trend = trend(-1) + beta(-1) 

@state beta = beta(-1) + v1 

 

After estimation, we can recover the first smoothed state series for the trend from the 

estimated models, which I have called trend_hp1 (for the hp_filter1 model) and 

trend_hp2 (for the hp_filter2 model).  These series correspond to the smoothed trend 

estimates.  Figure 17 shows that they are exactly equal to the Hodrick-Prescott trend obtained 

from running the Hodrick-Prescott filter procedure on lrgdp_sa in EViews, which we have 

called hp_trend above.  

 

Figure 17: Smoothed state series from hp_filter1a and  

hp_filter1b models versus HP-filtered trend 
 

 
 

Rather than use the conventional value of q = 1600 for quarterly data, we can actually 

estimate the value of q for the model at hand.  This is illustrated in the state-space object 

called hp_filter2, which leaves q unrestricted.  The estimated state-space object is 

reproduced in Table 17 below.  

 

Table 17: ML estimation results of the hp_filter2 state-space model 
 

Sspace: HP_FILTER2   

Method: Maximum likelihood (Marquardt)  

Sample: 2000Q1 2013Q3   

Included observations: 55   

Convergence achieved after 16 iterations  
     
 Coefficient Std. Error z-Statistic Prob.   
     

C(1) -9.139297 0.239306 -38.19088 0.0000 
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C(2) 9.675950 5.336972 1.813004 0.0698 
     
 Final State Root MSE z-Statistic Prob.   
     

TREND 12.96525 0.011598 1117.918 0.0000 

BETA 0.010851 0.006317 1.717754 0.0858 
     

Log likelihood 128.9463      Akaike info criterion -4.616228 

Parameters 2      Schwarz criterion -4.543234 

Diffuse priors 2      Hannan-Quinn criter. -4.588001 
     

 

As can be seen from Table 17, the estimate of c(2) is equal to 9.68 (which is 

statistically significant only at the 10 per cent level of significance), meaning that the 

estimated q = 9.68 rather than the standard value of 1600 for quarterly data.  This is a 

common finding, and suggests that some variation of the λ factor in the Hodrick-Prescott 

factor may be advantageous.  In essence, the value of λ is set a priori to isolate those cyclical 

fluctuations which belong to the specific frequency band the researcher wants to investigate.  

The standard value for λ for quarterly data is 1600, which has been calibrated on US GDP 

data.
22

  As such, it might not be an appropriate parameter value for emerging market and 

developing economies where the trend might be a lot less smooth.  Canova (1998) 

investigated this issue and recommended assessing the robustness of the results by using three 

different values for λ for quarterly data, which are 8, 40 and 1600.
23

   

Finally, Harvey and Trimbur (2003) propose an alternative procedure for approximating 

band-pass filters based on the UC model.  An appealing feature of their proposal is that the 

end-of-sample problem is easily handled by the Kalman filter. 

 

8 Diagnostics 

 

The main diagnostics after estimation by the Kalman filter are based on the predictive 

errors.  Under the assumption that the model is correct, these should form an independent 

sequence.  Moreover, when scaled through by the standard error of prediction, they should be 

iid standard normal.  The most straightforward diagnostic tests therefore come from the 

standardised residuals.  Basically, any test which can be applied to such a sequence can be 

used.  The main ones are: 

 

 the Ljung-Box-Pierce Q-test for serial correlation; 

 a test for normality, such as the Jarque-Bera test; and 

 a test for heteroskedasticity, such as a Goldfeld-Quandt style test for 

heteroskedasticity 

 

                                                           
22

 The value of 100 (14400) for annual (monthly) data is due to Backus and Kehoe (1992), who suggested an 

adjustment of the value of λ by multiplying the standard (quarterly) value of 1600 with the square of the 

frequency of observations relative to quarterly data.  For example, the relative frequency is 3 for monthly data 

and 1/4 for annual data, which makes the corresponding values of the smoothing parameter equal to λ = 1600/4
2
 

= 100 and λ = 1600 × 3
2
 = 14400 for annual and monthly data respectively.  

23
 As we have just seen, the HP filter is equivalent to the smoothed trend from an unobserved components model 

with a stochastic trend component and a random irregular term.  The signal-to-noise ratio, that is, the ratio of the 

variance of the trend shock over the variance of the irregular shock, is equal to the inverse of the HP smoothing 

constant (Harvey and Jäger (1993), Harvey and Trimbur (2008)).  This means that a smaller λ is associated with 

a higher signal-to-noise ratio.  
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Durbin and Koopman (2002) also recommend computing auxiliary residuals, which are the 

Kalman-smoothed estimates of the measurement errors and state disturbances.  Large values 

for these can help identify outliers (in the measurement equation) or structural shifts (in the 

state disturbances).   

In addition, we could also consider the CUSUM and CUSUMQ test for structural 

stability. 

 

9 Summary 

 

As a summary indicator of aggregate demand conditions and economic performance, 

estimates of the output gap serve as a key input in policymaking.  At the same time, estimates 

of potential output and hence the output gap vary depending on the model and data used, and 

there is no general consensus on which method is best.
24

  As neatly summarised by Pollock 

(2009, p. 243), ‘There is no evident point…where the trend ends and the business cycle 

begins.  Therefore…there is bound to be a degree of arbitrariness in the definition of the 

trend’.  

There is significant uncertainty around any estimate of the output gap and it would be 

unwise to base an assessment on the belief that any single approach will consistently deliver 

the ‘correct’ estimate.  Figure 18 shows five output gap estimates that are the result of using 

different state-space models in this exercise.  With the exception of the output gap estimate 

from the second multivariate model (cycle_mm2), there is some consensus across the 

remaining four output gap estimates, particularly towards the end of the sample period, when 

all of them point towards a more or less closed output gap.   

 

Figure 18: Output gap estimates from five state-space models estimated in this exercise 
 

 
 

For policy purposes, it is therefore important to look at a broad range of measures and 

to be aware of the shortcomings of different approaches.  We need to keep in mind that the 

                                                           
24

 In fact, there is no reason to think that potential output is a smooth series.  Moreover, estimation problems are 

aggravated at turning points of the business cycle, meaning that output gap estimates are more often than not the 

most uncertain just at the point where we need them most.  
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estimated output gap measures should capture a number of stylised facts in line with 

traditional descriptions of economic activity in the country.  Moreover, in light of the IMF’s 

(2010) risk management approach briefly highlighted in Footnote 4, we may also want to 

consider either averaging or combining a range of output gap estimates to make the 

estimation more robust to outliers.  Indeed, a range of different output gap estimates can be 

used to produce a ‘mean’ output gap as well as something akin to a ‘standard error’ bound 

across the different statistical models.  

Even when there is no major structural break in the economy, estimation of the output 

gap involves some margin of error due to measurement issues and difficulty in identifying 

temporary demand factors.  Given the enormous complexity in estimating potential output, it 

is no surprise that the various indicators at best suggest a range, rather than a single point. 
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Appendix: The estimated state-space models in EViews 

 

Local level 1 model: 

 
param c(1) -10 c(2) -10 

 

@ename e1 

@ename v1 

 

@evar var(e1) = exp(c(1)) 

@evar var(v1) = exp(c(2)) 

 

@signal lrgdp_sa = trend + e1 

@state trend = trend(-1) + v1 

 

Local level 2 model (ση
2
 = 0): 

 
param c(1) -10 c(2) -10 

 

@ename e1 

 

@evar var(e1) = exp(c(1)) 

 

@signal lrgdp_sa = trend + e1 

@state trend = trend(-1) 

 

Local level 3 model (σε
2
 = 0): 

 
param c(1) -10 c(2) -10 

 

@ename v1 

 

@evar var(v1) = exp(c(2)) 

 

@signal lrgdp_sa = trend 

@state trend = trend(-1) + v1 

 

Watson’s (1986) local level model (intercept in cycle equation, cycle state equation 

follows an AR(2) process): 

 
param c(1) 0.1 c(2) 1 c(3) 0.1 c(4) 0.1 c(5) -10 c(6) -10 

 

@ename v1 

@ename v2 

 

@evar var(v1) = exp(c(5)) 

@evar var(v2) = exp(c(6)) 
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@signal lrgdp_sa = trend + cycle 

 

@state trend = c(1) + trend(-1) + v1 

@state cycle = c(2) + c(3)*cycle(-1) + c(4)*sv1(-1) + v2 

@state sv1 = cycle(-1) 

 

Watson’s (1986) local level model (no intercept in cycle equation, cycle state equation 

follows an AR(2) process): 

 
param c(1) 0.1 c(2) 1 c(3) 0.5 c(4) 0.1 c(5) -10 c(6) -10 

 

@ename v1 

@ename v2 

 

@evar var(v1) = exp(c(5)) 

@evar var(v2) = exp(c(6)) 

 

@signal lrgdp_sa = trend + cycle 

 

@state trend = c(1) + trend(-1) + v1 

@state cycle = c(3)*cycle(-1) + c(4)*sv1(-1) + v2 

@state sv1 = cycle(-1) 

 

Watson’s (1986) local level model (no intercept in cycle equation, cycle state equation 

follows an AR(1) process): 

 
param c(1) 0.1 c(2) 1 c(3) 0.5 c(4) 0.1 c(5) -10 c(6) -10 

 

@ename v1 

@ename v2 

 

@evar var(v1) = exp(c(5)) 

@evar var(v2) = exp(c(6)) 

 

@signal lrgdp_sa = trend + cycle 

 

@state trend = c(1) + trend(-1) + v1 

@state cycle = c(3)*cycle(-1) + v2 

@state sv1 = cycle(-1) 

 

Local linear trend 1 model: 

 
param c(1) -10 c(2) -10 c(3) -10 

 

@ename e1 

@ename v1 

@ename v2 
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@evar var(e1) = exp(c(1)) 

@evar var(v1) = exp(c(2)) 

@evar var(v2) = exp(c(3)) 

 

@signal lrgdp_sa = trend + e1 

 

@state trend = trend(-1) + beta(-1) + v1 

@state beta = beta(-1) + v2 

 

@mprior mprior_llt1 

 

Local linear trend 2 model: 

 
param c(1) -10 c(2) -10 c(3) -10 

 

@ename e1 

@ename v1 

@ename v2 

 

@evar var(e1) = exp(c(1)) 

@evar var(v1) = exp(c(2)) 

@evar var(v2) = 0 

 

@signal lrgdp_sa = trend + e1 

 

@state trend = trend(-1) + beta(-1) + v1 

@state beta = beta(-1) + v2 

 

@mprior mprior_llt2 

 

Local linear trend 3 model: 

 
param c(1) -10 c(2) -10 c(3) -10 

 

@ename e1 

@ename v1 

@ename v2 

 

@evar var(e1) = exp(c(1)) 

@evar var(v1) = 0 

@evar var(v2) = 0 

 

@signal lrgdp_sa = trend + e1 

 

@state trend = trend(-1) + beta(-1) + v1 

@state beta = beta(-1) + v2 

 

@mprior mprior_llt3 
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Local linear trend 4 model: 

 
param c(1) -10 c(2) -10 c(3) -10 

 

@ename e1 

@ename v1 

@ename v2 

 

@evar var(e1) = exp(c(1)) 

@evar var(v1) = 0 

@evar var(v2) = exp(c(3)) 

 

@signal lrgdp_sa = trend + e1 

 

@state trend = trend(-1) + beta(-1) + v1 

@state beta = beta(-1) + v2 

 

@mprior mprior_llt4 

 

Local linear trend 5 model: 

 
param c(1) -10 c(2) -10 c(3) -10 

 

@ename e1 

@ename v1 

@ename v2 

 

@evar var(e1) = exp(c(1)) 

@evar var(v1) = exp(c(2)) 

@evar var(v2) = exp(c(3)) 

 

@signal lrgdp_sa = trend + e1 

 

@state trend = 2*trend(-1) - sv1(-1) + beta(-1) + v1 

@state beta = beta(-1) + v2 

@state sv1 = trend(-1) 

 

@mprior mprior_llt5 

 

Local linear trend 6 model: 

 
param c(1) 0.9 c(2) 0.2 c(3) -10 c(4) -10 c(5) -10 

 

@ename v1 

@ename v2 

@ename v3 
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@evar var(v1) = exp(c(3)) 

@evar var(v2) = exp(c(4)) 

@evar var(v3) = exp(c(5)) 

 

@signal lrgdp_sa = trend + cycle 

 

@state trend = trend(-1) + beta(-1) + v1 

@state beta = beta(-1) + v2 

@state cycle = c(1)*cycle(-1) + c(2)*sv1(-1) +  v3 

@state sv1 = cycle(-1) 

 

Local linear trend 7 model: 

 
param c(1) 0.9 c(2) 0.2 c(3) -10 c(4) -10 c(5) -10 

 

@ename v1 

@ename v2 

@ename v3 

 

@evar var(v1) = 0 

@evar var(v2) = 0 

@evar var(v3) = exp(c(5)) 

 

@signal lrgdp_sa = trend + cycle 

 

@state trend = trend(-1) + beta(-1) + v1 

@state beta = beta(-1) + v2 

@state cycle =c(1)*cycle(-1) + c(2)*sv1(-1) +  v3 

@state sv1 = cycle(-1) 

 

Multivariate model 1: 

 
param c(1) 0.5 c(2)0.5  c(3) 0.5 c(4) 0.5 c(5) 0.5 c(6) 0.1 

c(7) 0.1 c(8) 0.1 c(9) 0.1 

 

@ename v1 

@ename v2 

@ename v3 

@ename v4 

 

@evar var(v1) = exp(c(6)) 

@evar var(v2) = exp(c(7)) 

@evar var(v3) = exp(c(8)) 

@evar var(v4) = exp(c(9))  

 

@signal lrgdp_sa = trendy + cycley 

@signal inflation = trendpi + cyclepi 
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@state trendy = c(1) + trendy(-1) + v1 

@state cycley = c(2)*cycley(-1) + c(3)*sv2(-1) + v2 

@state trendpi = trendpi(-1) + v3 

@state cyclepi = c(4)*cycley(-1) + c(5)*sv2(-1)  + v4 

@state sv2 = cycley(-1) 

 

Multivariate model 2: 

 
param c(1) 0.5 c(2)0.5  c(3) 0.5 c(4) 0.5 c(5) 0.5 c(6) 0.1 

c(7) 0.1 c(8) 0.1 c(9) 0.1 

 

@ename e1 

@ename v1 

@ename v2 

@ename v3 

 

@evar var(e1) = exp(c(6)) 

@evar var(v1) = exp(c(7)) 

@evar var(v2) = exp(c(8)) 

@evar var(v3) = exp(c(9)) 

 

@signal lrgdp_sa = trend + cycle 

@signal inflation = c(1)*inflation(-1) + c(2)*inflation(-2) + 

c(3)*cycle + c(4)*sv1 + c(5)*sv2 + v3 

 

@state trend = trend(-1) +beta(-1) 

@state beta = beta(-1) + v1 

@state cycle = c(2)*cycle(-1) + v2 

@state sv1 = cycle(-1) 

@state sv2 = sv1(-1) 

 

Unobserved components or structural times-series model: 

 
param c(1) -10 c(2) -10 c(3) -10 c(4) -10 c(5) 0.5 c(6) 0.1 

 

@ename e1 

@ename v1 

@ename v2 

@ename v3 

 

@evar var(e1) = exp(c(1)) 

@evar var(v1) = exp(c(2)) 

@evar var(v2) = exp(c(3)) 

@evar var(v3) = exp(c(4)) 

 

@signal lrgdp_sa = trend + psi + e1 

 

@state trend = trend(-1) + beta(-1) + v1 
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@state beta = beta(-1) + v2 

@state psi = c(5)*cos(c(6))*psi(-1) + c(5)*sin(c(6))*psistar(-

1) + v3 

@state psistar = -c(5)*sin(c(6))*psi(-1) + 

c(5)*cos(c(6))*psistar(-1) + v3 

 

Hodrick-Prescott filter model (smoothing parameter λ restricted to 1600): 

 
param c(1) -1 

 

@ename e1 

@ename v1 

 

@evar var(e1) = 1600*exp(c(1)) 

@evar var(v1) = exp(c(1)) 

 

@signal lrgdp_sa = trend + e1 

@state trend = trend(-1) + beta(-1) 

@state beta = beta(-1) + v1 

 

Hodrick-Prescott filter model (smoothing parameter λ unrestricted): 

 
param c(1) 1 

 

@ename e1 

@ename v1 

 

@evar var(e1) = exp(c(1)) 

@evar var(v1) = (1/c(2))*exp(c(1)) 

 

@signal lrgdp_sa = trend + e1 

@state trend = trend(-1) + beta(-1) 

@state beta = beta(-1) + v1 

 


