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Abstract. In these exercises we will practice maximum likelihood and optimisation.

1. A Poisson example
In Econometric Analysis, Greene constructs a Poisson distribution example where the density
for each independent observation xi is given by
 −θ∗ ∗ x
 e (θ ) i
xi !
∗
p(xi , θ ) =
 0

for xi ≥ 0
for xi < 0

with the underlying parameter θ∗ > 0. In reality, things modelled as random Poisson processes
include: numbers of road traffic accidents, telephone calls etc..
Assume that we have observed the following sequence of xi ’s
5, 0, 1, 1, 0, 3, 2, 3, 4, 1
Q1. Write down the likelihood function and then plot it in Excel.
Q2. Find the maximum of the likelihood function by calculus. What is it? Could you have
guessed it faster, knowing that for a Poisson distributed random variable E[X] = θ∗ ? How
would you have found it in Excel?

2. Maximum Likelihood Linear Regressions in Eviews
The goal of this exercise is to estimate the following equation via maximum likelihood in Eviews
and compare the estimates to those obtained using OLS:
yt = c1 + c2 x1t + c3 x2t + νt
This is a simple linear model and we shall generate data using c1 = 0.5, c2 = 2, c3 = −3 and
σ = 1 where σ is the standard deviation of the normally distributed ν.
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As this is our first Maximum Likelihood model in Eviews, we will work through it together.
Q3. The x1 , x2 series (x1, x2 in Eviews) along with ν (nu) in Eviews have been saved in the file
ml exercise.wf1. Start by creating your y series.
To do that we would go to Quick → Generate Series and type in y = 0.5 + 2*x1 -3*x2 + nu.
Q4. Start by estimating c1 , c2 and c3 by OLS and note the results (save the output as OLS).
To do that go to Quick → Estimate Equation and type in y = c(1) + c(2)*x1 + c(3)*x2. You
should get something like this:

Q5. We now start by estimating the same equation by Maximum Likelihood. To do that go to
Object → New Object → Logl and call the object likelihood. A blank window then opens, which
is where we’ll need to input our Likelihood object:

We now need to do several things:
• Give a name to the object that will hold values of the likelihood; this is done using the
@logl command, so to save the results in an object called LL1 we would type @logl LL1
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• Define the parameters that we will be maximising over; this is done using the param
command. We also need to give an initial value to all the parameters - this is where the
optimiser will start. In our case we have four parameters and we shall initialise the three
regression coefficients in 0, and the fourth (corresponding to the log of the variance) in
one. Accordingly we would type param c(1) 0 c(2) 0 c(3) 0 c(4) 1
• We then need to define the value of the (log)likelihood in every period. Before we do
that, to cut on notation we define three auxiliary series / constants:
res1 = y - c(1) - c(2)*x1 - c(3)*x2
pi = @acos(-1)
sigma = @exp(c(4))
– The first defines a series of residuals corresponding to c(1) c(2) c(3) and the data
in y and x; how is this different from ν (nu)?
– The second defines a series equal to π (which happens to equal arccosine of −1).
– What does the third line do, and why?
• Armed with these definitions we can define the contribution to the likelihood in any
period as
LL1 = - ((1/2)*log(2*(pi))) - ((1/2)*log(sigma)) - 1/2*((res1^2)/sigma)
Where does this formula come from?
Once we’ve defined the value of the likelihood we can then estimate the parameters c(1) c(2)
c(3) and c(4). To do that we go to Estimate select the Berndt-Hall-Hall-Hausman algorithm and
press ok. What are the reported coefficients? What has happened – why are they so different
from the OLS ones? How could we eliminate the source of the problem?
Once you’ve corrected the problem you should obtain a table like this:

How do the coefficients compare with the OLS ones? Using the fact that e0.02465 = 1.02496
comment on how the variances compare. Why are they not identical under both approaches?
Why does the value of the likelihood appear to be identical?
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To ensure that the log-likelihood function has been properly maximised we can click on View
→ Gradients → Summary. What would you expect for an algorithm that has converged? Is this
the case?

3. Estimating a fat-tailed regression by ML in Eviews (adapted from Dave
Giles)
The previous example may lead you to wonder: what’s the point of maximum likelihood if the
results of this and OLS are so similar? In this exercise we will focus on a case in which OLS does
not give good estimates - i.e. a setup with fat-tailed residuals (the example will also illustrate
a few other things about maximum likelihood and OLS).
A fat-tailed distribution is one in which the probability of outliers is higher than in the normal
distribution (this may be a sensible assumption when modelling financial returns, for example).
The Student-t distribution has a density function with this property if the associated degrees
of freedom are relatively small. Setting v the degrees of freedom equal to 3 we can plot the
corresponding pdfs:

Q6. As in exercise 3, start by generating a y f t series using residuals drawn from the Student-t
distribution with 3 degrees of freedom ν f t (nuft). Specifically, assume yft = 0.5 + 2*x1 -3*x2 +
nuft.
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Q7. Now estimate the coefficients c1 , c2 and c3 by OLS. What do you find (you can save the
results as OLS FT)? Comment on the R2 and estimate precision. What is going on?
Q8. Now estimate the coefficients of c1 , c2 and c3 using Maximum Likelihood. To do that note
that the density of a Student-t distributed random variable equals
Γ( v+1
2 ) √1
f (x|v) =
v
Γ( 2 )
vπ

− v+1

2
x2
1+
v

Hint: You will need to use the fact that the Γ(·) function has been coded in Eviews as @gamma
while the square root is @sqrt. Comment on the values of the coefficients and the value of the
likelihood function?
4. The Steepest Ascent Method (adapted from Hamilton, Ch.5)
Q9. Assume that the likelihood function is as in the previous exercise, and let’s pretend that
the maximum of the likelihood is not immediately obvious. Suppose that your original guess
for the parameters was θ0 = (−1, 1)0 . Compute an improved guess for the maximum θ̂ using the
method of steepest ascent. If you had to chose between a step size of 1 and 1/5, which would
you select and why?
5. Hypothesis Testing (taken from Hamilton, Ch.5)
Q10. Suppose that we are interested in testing the hypothesis, at the 5% significance level,
that
θ2 = θ1 + 1
where θ1 and θ2 are unknown parameters, and where the unrestricted log-likelihood is given by
L(θ) = −1.5θ12 − 2θ22 .
Can you reject that hypothesis if the probability that a χ2 (1) variable exceeds 3.84 equals 0.05?
Hint: Use the Likelihood ratio test.
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