
SOLUTIONS TO EXERCISES ON BAYESIAN ESTIMATION

PAWEL ZABCZYK

Centre for Central Banking Studies
Bank of England

1. A Poisson example

For independent Poisson observations the joint density will simply equal the product of the

individual densities. Accordingly

p(x, θ∗) =
10∏
i=1

p(xi, θ
∗) =

e−10θ
∗

(θ∗)
∑10

i=1 xi∏n
i=1(xi!)

=
e−10θ

∗
(θ∗)20

207, 360

and so the likelihood function, which is a function of θ (rather than the true parameter value

θ∗) can be written down as

L(θ) =
e−10θθ20

207, 360
.

The plot in Figure 1 below is generate in the Excel file Solutions.xlsx. Of course, the plot suggests

Figure 1. Poisson distribution likelihood function

a unique maximum at θ = 2. To verify whether that is exactly right, we can compute the ML

estimator by calculus. Since the log of the likelihood equals

lnL(θ) = −10θ + 20 ln θ − ln(207, 360)
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therefore the corresponding first order condition is1

∂ lnL(θ)

∂θ
= −10 +

20

θ
⇒ θ∗ =

20

10
= 2

and so the algebra confirms what the chart suggested, i.e. that our ML estimate of θ∗ equals 2.

Notably, 2 also happens to be the value of the sample mean, so we could also have guessed the

estimate of θ∗ by averaging across all observations (we have 10 and they sum to 20). Equally,

we could have found that 2 is the maximum by simply inspecting the function values computed

in Excel.

2. Maximum Likelihood Linear Regressions in Eviews

The walk-through for this exercise can be found in the solution manual.

3. Estimating a fat-tailed regression by ML in Eviews

The OLS coefficients equal:

1Note: as before, we take logs only to simplify algebra, and doing so will not affect the final value of the ML
estimate. Furthermore, if we hadn’t plotted the chart, we could double check that we’ve found a maximum rather
than minimum by verifying that the sign of the second derivative at the estimate is negative

∂2 lnL(θ)

∂θ2
= −20

θ2
< 0.
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Despite the high R2 the coefficients c(1) and c(3) are actually very imprecisely estimated. This

is because most of the volatility is coming from x2 (with the the corresponding coefficient

estimated very well indeed).

To estimate the specification by Maximum Likelihood we proceed as before and define a new

likelihood object given by

@logl LL2

param c(1) 0 c(2) 0 c(3) 0

res2 = yft - c(1) - c(2)*x1 - c(3)*x2

v =3

pi = @acos(-1)

const =@gamma((v+1)/2)/(@sqrt(v*pi)*@gamma(v/2))

LL2= log(const) - ((v+1)/2)*log(1+(res2^2/v))

Proceeding as before we see that we get a better estimate of c(2), but the problem with c(1)

and c(3) has not gone away – i.e. both remain imprecisely estimated. Of course, to get around

this we could have chosen a smaller value of c(2) when computing yft.

4. The Steepest Ascent Method

To apply the method of steepest ascent we need to compute the gradient vector. The elements

of the gradient vector are

∂L(θ)

∂θ1
=− 3θ1

∂L(θ)

∂θ2
=− 4θ2.

The gradient vector evaluated at the initial guess θ0 = (−1, 1)′ therefore equals

∂L(θ)

∂θ1

∣∣∣∣
θ=θ0

=3
∂L(θ)

∂θ2

∣∣∣∣
θ=θ0

=− 4.

We thus see that an increase in θ1 would increase the likelihood, while an increase in θ2 would

decrease it. Since the gradient vector equals (3,−4)′ therefore the optimal step should be

proportional to (3,−4)′. For a step of length k the new guess would be

θ11 − θ01 =3k θ12 − θ02 =− 4k.

Plugging in k = 1 gives us

θ11 =− 1 + 3 = 2 θ12 =1− 4 = −3

Page 3 of 4



while for k = 1/5 we get

θ11 =− 1 + 3/5 = −2/5 θ12 =1− 4/5 = 1/5.

The value of the likelihood corresponding to k = 1 is

L(θ) = −1.5× 4− 2× 9 = −24

while the value of the likelihood for k = 1/5 equals

L(θ) = −1.5× 4/25− 2× 1/25 = −8/25.

So we see that picking a large step length (k = 1) actually lowers the likelihood, while the

smaller step (k = 1/5) results in a higher likelihood value and so would be preferred.

5. Hypothesis Testing (taken from Hamilton, Ch.5)

To find the restricted likelihood, we replace θ2 by θ1 + 1 and maximise the resulting expression

with respect to θ1:

L(θr) = −1.5θ21 − 2(θ1 + 1)2.

The first order condition for the maximisation of L(θr) is

−3θ1 − 4(θ1 + 1) = 0,

or θ1 = −4/7. The restricted MLE is thus θr = (−4/7, 3/7)′ and the maximum value attained

for the log likelihood while satisfying the restriction is

L(θr) = (−1/2)× (−4/7)2 − (4/2)× (3/7)2 = −6/7.

As discussed previously, the unrestricted MLE is θ = 0, at which L(θ) = 0.

Accordingly, the value of the likelihood ratio test statistic would be

2|L(θ)− L(θr)| = 12/7 ≈ 1.71.

The test involves a single restriction, i.e. m = 1 and so the appropriate probability for testing

is that related to the χ2(1), reported in the exercise. Since 1.71 < 3.84 we therefore accept the

null hypothesis that θ2 = θ1 + 1 at the 5% significance level.
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